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FUNDAMENTAL THEOREMS 
CONCERNING POINT SETS'* 


I 


FOUNDATIONS OF A POINT SET THEORY 
OF SPACES IN WHICH SOME POINTS 
ARE CONTIGUOUS TO OTHERS 


N my article ‘Foundations of Plane Analysis Situs’? and 

in my book Foundations of Point Set Theory, a study was 
made of spaces satisfying certain sets of axioms in terms of 
the undefined notions “‘point”’ and “region.” In the present 
treatment, “point,” region” and ‘contiguous to” (used as a 
relation of one point to another) are undefined. The no- 
tion limit point of a point set is defined exactly as before. 
That is to say, the point P is said to be a limit point of a 
point set JV if every region that contains P contains at least 
one point of M distinct from P. As before, the point set 
M is said to be closed if it contains all of its limit points, 
it is said to be perfect if it is closed and every point that be- 
longs to it is a limit point of it, and it is said to be compact 
if every infinite subset of it has at least one limit point, not 
necessarily belonging to it. But, in the book referred to, 
the point sets H and K are said to be mutually separated if 

1 An elaboration and extension of material presented in a series of three lectures 


delivered at the Rice Institute in November, 1932, by Robert Lee Moore, Ph.D., 
Professor of Pure Mathematics at the University of Texas. 

2 Trans. Am. Math. Soc., XVII, April, 1916, pp. 131-164. 

3 Am. Math. Soc. Colloquium Publications, XIII, 1932, New York. In the present 
treatment the abbreviation P. S. T. will be used to designate this book. 
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(1) they are mutually exclusive and (2) neither of them con- 
tains a limit point of the other one. Here they will be said 
to be mutually separated if, in addition to (1) and (2), they 
satisfy the third requirement that no point of H be contiguous 
to any point of K. In terms of mutual separatedness, connect- 
edness is defined here just asthere. That is to say, the point 
set M is said to be connected if and only if it is not the sum 
of two mutually separated sets.'_ But since mutual separat- 
edness has a new significance here, so does connectedness. 

If K is a proper subset of the connected point set M and 
M-—RK is not connected, then M is said to be disconnected 
by the omission of K or to be disconnected by K or to be 
separated by K, and K is called a cut set of M; and if K 
is a point it is called a cut point of M and, if it is a con- 
tinuum, it is called a cut continuum of M. 

Derrnition. If 4 and B are two distinct points a simple 
continuous arc from A to B is a closed, connected and 
compact point set which contains 4 and B and which is 
disconnected by the omission of any one of its points except 
A and B. The statement “AB is an arc” is to be inter- 
preted as meaning that 4B is an arc from 4 to B. 

This definition is worded precisely as in P. S. T. But 
the word “connected” occurs in two places and connected- 
ness having been defined in terms of mutual separatedness, 
it has a different significance here. Here the point set con- 
sisting of two contiguous points is an arc. So is the point 
set consisting of three distinct points 4, B and C such that 
B is contiguous both to 4 and to C but 4 and C are not 
contiguous to each other. But there every arc necessarily 
contains uncountably many points. 


1Cf. N. J. Lennes, “Curves in Non-Metrical Analysis Situs with Applications 


in the Calculus of Variations,” 4m. Jour. of M th., XXXIII (191 
Amer. Math. Soc., XIE (1906). ioe ee sas eel 
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The point set D is said to be a domain if for each point 
P of D there exists a region containing P and lying in D. 
The collection G of point sets is said to cover the point set 
M if each point of M belongs to some point set of the col- 
lection G. If a point set is denoted by a certain letter, that 
letter with a bar above it will denote the sum of that point 
set and all of its limit points. The letter S will be used to 
denote the set of all points. 

Of the following axioms, the first three are worded precisely 
asin P.§. T. This set of six axioms will be called the set D,. 

Axtom 0. Every region is a point set. 

Axiom 1. There exists a sequence Gj, Go, G3, --- such 
that (1) for each n, G, is a collection of regions covering S, 
(2) for each n, Gy41 is a subcollection of G,, (3) if R is any 
region whatsoever, X is a point of R and Y is a point of R 
either identical with X or not, then there exists a natural 
number m such that if g is any region belonging to the col- 
lection G,, and containing X then 7 is a subset of (R—Y)-+X, 
(4) if My, Ms, Ms, --- is a sequence of closed point sets 
such that, for each n, M, contains M,,, and, for each n, 
there exists a region g, of the collection G, such that MV, is 
a subset of Z,, then there is at least one point common to 
all the point sets of the sequence M;, M2, M3, ---. 

Axiom 2. If P is a point of a region R there exists a non- 
degenerate! connected domain containing P and lying in R. 

Axiom A. No point is contiguous to itself. 

Axiom B. If the point 4 is contiguous to the point B, 
then B is contiguous to 4. 

Axiom C. If M is a closed point set and every point of 
the point set H is contiguous to some point of M then no 
point of S—WM is a limit point of H. 


1A point set is said to be degenerate if it consists of only one point. Otherwise 
it is said to be non-degenerate. 
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I will describe examples of spaces satisfying the six axioms 
of the set 2. | 

ExAmpLe 1. In Euclidean space of three dimensions, let 
K denote a definite sphere, in the sense of a spherical sur- 
face and let a denote an infinite sequence of distinct points 
P,, Ps, Ps, «++ all lying on K and such that every point of 
K either belongs to a or is a limit point of the set of all the 
points of a. There exists a sequence 8 of mutually exclusive 
spheres Ki, Kz, Kz, --- such that, for each n, Ky, is exter- 
nally tangent to K at the point P,, and is of radius less than 
1/n. 

Now let S denote the set whose elements are the ordinary 
points of K and the spheres of the sequence 6. Let the 
elements of S be called points and let two points of S be 
called contiguous to each other if and only if one of them 
is a sphere of the sequence 6 and the other one is the point 
of a at which that sphere is tangent to K. If P is a point 
of K and m is a positive integer let 7p» denote the set of all 
points of K at a distance from P less than 1/m and let Rpm 
denote the set whose elements are the points, in the ordinary 
sense, of 7p, and the points, in the new sense, which are 
spheres of the sequence Km, Kai, Kms, --- that are tan- 
gent to K at points belonging to Tpm. Let a point set be 
called a region if it is either (1) a single element of the se- 
quence 6 or (2) a set Rp» for some integer m and some 
point P of K. For each n let G, denote the set of all regions 
which are elements of the sequence @ and all regions Rpm 
for which m is greater than n. It may be verified that 
Axioms 2, A and B are satisfied for this interpretation of 
point, region and contiguity and that the sequence Gy, Go, 
G3, --- satisfies all the requirements of Axiom 1. Suppose 
now that M is a closed subset of S and that H is a set of 
points each contiguous to some point of M. Suppose P is 
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a limit point of H. The point P does not belong to the se- 
quence 8. For if it did then P itself would be a region con- 
taining P and therefore containing at least one point of H 
distinct from P which is absurd. Hence P is a point of K. 
Suppose R is a region containing P. There exist a positive 
integer m and a point X of K such that R is identical with 
Rxym. There exists a number 7 such that T7'p; is a subset of 
Txm and such that no point other than P of the finite set 
P,, Po, Ps, ---, Pm is at a distance from P less than 1/12. 
The region Rp; contains a point Y of H distinct from P. 
There exists a number 7 greater than m such that Y is 
identical either with P; or with K;. Since P; belongs to 
Rp; and to K it belongs to Tp; and therefore to Tym. But 
g>m. Therefore K; belongs to Rym. But either P; or K; 
belongs to M@. Thus Rxym contains a point of M distinct 
from P. Hence P is a limit point of M. Therefore it be- 
longs to M@. Thus Axiom C holds true in this example. 

EXAMPLE 2. In a Cartesian space let O denote the ori- 
gin, let OX denote the axis of abscissas and let 4 and B 
denote the points of OX whose abscissas are 1 and —1 
respectively. Let O4 denote the straight line interval con- 
sisting of the points O and 4 and all points between them 
and let OB denote the straight line interval from O to B. 
Let S denote the set whose elements are the intervals O4 
and OB and the points of OX whose abscissas are either 
less than —1 or greater than 1. Call the elements of S points. 
Let two elements of S be regarded as contiguous if and only 
if one of them is O4 and the other one is OB. 

If m is a positive integer and P is the interval OZ, let 
Rp, denote the point set whose elements are P and the 
points of OX whose abscissas, in the ordinary sense, lie be- 
tween 1 and 1+1/n. If Pis OB let Rp, denote the set whose 
elements are P and the points of OX whose abscissas are 
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between) Anand ==1= 1%. A1feP seas pointe ofmondioumcs 
from OA and from OB, let Rp, denote the set of all points 
of S distinct from OA and from OB and at a distance from 
P less than 1/n. In this illustration a point set will be called 
a region if and only if it is a set Rpn for some positive in- 
teger 2 and some point P of S. The set of axioms 2, 1s 
satisfied by this interpretation of point, contiguity and re- 
gion. If, for each n, G, denotes the set of all regions Rp» 
for all points P of S, the resulting sequence Gj, Ge, Gz, --- 
fulfills all the requirements of Axiom 1. 

It is to be noted that if, in this example, H denotes the 
point set whose elements are O4 and the points of OX 
whose abscissas are greater than 1 and K denotes the set 
consisting of OB and the points of OX whose abscissas are 
less than —1, then H and K together make up the whole 
of S but they are mutually exclusive and no region contains 
a point of both of them and therefore neither of these sets 
contains a limit point of the other one. This, however, 
does not imply that S is not connected. For the point O4 
of H is contiguous to the point OB of K and therefore H 
and K are not mutually separated. 

Examp _e 3. Let S denote the set whose elements are the 
intervals of OX whose endpoints are consecutive numbers 
of the set composed of zero and the integers. Consider a 
space whose points are the elements of S. Let two points 
of S be regarded as contiguous if and only if they are abut- 
ting intervals of OX. Let a point set be regarded as a re- 
gion if and only if it is a single point of S. The axioms of 
Z- are satisfied by this interpretation. If, for each n, G, 
denotes the set of ail regions, the sequence G1, Go, G3, --- 
satisfies the requirements of Axiom 1. In this space no- 


point has a limit point. Nevertheless, S is infinite and 
connected. 
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Derinition. The point P is said to be a boundary point 
of the point set M if either (1) P belongs to one of the sets 
M and S—WM and is a limit point of the other one or (2) P 
is a point of S—M which is contiguous to some point of M. 

If the proposition P can be proved on the basis of Axioms 
0, 1 and 2 alone, mutual separatedness and boundary and 
notions partly or wholly dependent on one or both of these 
being defined in accordance with the treatment given in 
P. S. T., and on the basis-of the axioms of the set >, it is 
possible to prove a proposition Pg which is worded precisely 
as is proposition P, the notions referred to being now de- 
fined in accordance with the present treatment; then the 
proposition P will be said to “hold here just as in ordinary 
point set theory.” 

For example, let P denote the proposition that if 4B is 
a simple continuous arc from 4 to B and 4B—O is the sum 
of two mutually separated point sets H and K, then one of 
these sets contains 4 and the other one contains B. This 
proposition is proved in P. 8. T. on the basis of Axioms 0 
and 1, the terms “simple continuous arc from A to B” and 
“mutually separated point sets H and K” being defined as 
indicated there. Here these terms have a different signifi- 
cance but if Pg denotes a proposition worded precisely as 
is P but in which these two terms are given this new mean- 
ing, this new proposition with the old wording can be proved 
on the basis of the set of Axioms 0, 1, A, B and C. The 
proposition Pg is, then, said to hold here just as in ordinary 
point set theory. 

An example of a proposition that holds in ordinary point 
set theory but which can not be proved here is the statement 
that if 4B is a simple continuous arc then 4B—(4+B) is 
connected. Here, if 4 and B are contiguous to each other, 


AB—(A+B) does not even exist. 
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Consider the very first proposition of P. S. T.: No point 
of a region is a boundary point of that region. There this 
proposition means that if P is a point of a region R then not 
every region that contains P contains both a point of R 
and a point not belonging to R. This is obviously true since 
R itself is a region containing P and certainly it contains 
no point not belonging to itself. Here this proposition means 
that if P is a point of a region R then not only is the above 
obviously fulfilled condition satisfied but P is not a point 
of S—R which is contiguous to a point of R. This condition 
also is obviously fulfilled. So the proposition in question 
holds here just as in ordinary point set theory. 

On the other hand, in ordinary point set theory it is true 
that no point of a region R is a boundary point of the com- 
plement of R. But there exists a space satisfying 2, and 
consisting of just two points R and E these points being 
contiguous to each other. In this example, R is necessarily 
a region and £ is its complement and not only is it true that 
R contains a boundary point of its complement but it is the 
entire boundary of its complement. 

Noration. If M and WN are point sets the notation M -N 
is used to denote the common part of M and N that is to 
say the set of all points that belong both to M and to NV. 

Derinitions. As in ordinary point set theory, a subset 
K of a point set M is said to be an open subset of M if for 
each point P of K there exists a region R containing P such 
that R-M is a subset of K and a point set M is said to be 
locally compact if, for each point P of M there is a compact 
open subset of M containing P. An open subset of a point 
set is sometimes called a domain with respect to that point 
set. 

The sequence of domains Di, Do, Ds, --- is said to close 
down on the point set M if (1) M is the common part of all 


| 
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the domains of this sequence, (2) for every 7, D,41 is a sub- 
set of D,, and (3) if D is a domain containing &/ there exists 
a number n such that D, is a subset of D. 

The point P is said to be a sequential limit point of the 
sequence of points Pj, Pe, P3, --- if for every region R con- 
taining P there exists a natural number 6 such that if n>6 
then P, lies in R. If P is a sequential limit point of the 
sequence a then a is said to converge to P and it is said to be 
a convergent sequence. 

There is a large body of propositions which are conse- 
quences of Axioms 0 and 1 and in whose statement there 
occurs neither the term mutually separated nor the term 
boundary nor any other term which is defined either wholly 
or partly in terms of one of them. It is clear that all such 
propositions hold true here. For convenience of reference I 
will list a few of these many propositions as numbered 
theorems, referring to P. S. T. for proofs or indications of 
proofs. 

THEOREM 1. If P is a point there exists an infinite sequence 
of regions closing down on P. 

THEOREM 2. If P 1s a limit point of the point set M then 
P is the sequential limit point of some infinite sequence of 
points of M all distinct from each other and from P. 

DeFInitTion. The collection G of point sets is said to be 
monotonic provided it is true that if « and y are two point 
sets of the collection G then either x contains y or y con- 
tains x. 

TuHeoreEM 3. If G is a monotonic collection of closed and 
compact point sets, there exists at least one point common to 
all the point sets of the collection G and their common part 
1s closed. 

TueoreM 4. No locally compact and countable point set 15 


perfect. 
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Turorem 5. Every closed and compact point set has the 
Borel-Lebesgue property.’ 

Tueorem 6. If M and N are two mutually exclusive closed 
point sets and one of them 1s compact then there exist two do- 
mains Dy and Dy containing M and N respectively and such 
that Dy and Dy are mutually exclusive. 

Derinitions. If a is a sequence of point sets My, Me, 
Ms, --+ then by the limiting set of a is meant the set of all 
points P such that if R is a region containing P then there 
exist infinitely many natural numbers 1 such that M, con- 
tains a point of R. 

The point set M is said to be the sequential limiting set 
of the sequence a of point sets if M is the limiting set of 
every infinite subsequence of a. Under these conditions a 
is said to converge to M. 

TueoremM 7. If the limiting set of a sequence a is compact 
then some subsequence of a has a sequential limiting set. 

THEOREM 8. Every closed and compact point set 1s a metric 
space.” 

Let us now proceed to a consideration of propositions 
involving the notion of contiguity. 

THEeorEeM 9. If H and K are mutually exclusive closed 
point sets and H 1s compact there do not exist infinitely many 
points of H each contiguous to some point of K. 


Proof. Suppose there exists an infinite subset L of H 


_'The point set M is said to have the Borel-Lebesgue property if for every collec- 
tion of domains covering M there is a finite subcollection of that collection that 
also covers M. 

2The point set M is said to be a metric space if with every pair of points X 
and Y belonging to M there is associated a number d (X, Y), called the distance 
from X to Y, such that (1) d (X, Y)=d (Y, X)=0, (2) d (X,Y)=0 if and only if 
KEN (ate Hk B and C are any three points of M then d (A, B)+d (B, C)2d 
(A, C), (4) the point P of M is the sequential limit point of the sequence of points 
Pi, Ps, Ps,+++ of M if and only if d (P,, P) approaches 0 as a limit as n increases 
indefinitely. Cf. M. Frechet, Rend. Circ. Mat. di Palermo, XXII (1906), p. 17. 


Under these conditions the point set M will be said to be metric with respect to 
the distance function d (X, Y). 
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such that each point of L is contiguous to some point of K. 
Since H is compact the point set L has at least one limit 
point P. Since H is closed P belongs to H and, by Axiom 
C, it belongs to K. Hence H and K have a point in common, 
contrary to hypothesis. 

THEOREM 10. Every boundary point of the common part of 
two point sets 15 a boundary point of one of them. 

THEOREM 11. The boundary of the sum of a finite number 
of point sets 15 either vacuous or a subset of the sum of their 
boundaries. 

THEOREM 12. The boundary of a point set is closed, and so 
is the sum of a point set and its boundary. 

Proof. Let 8 denote the boundary of M and let M¢ de- 
note the set of all points X of 8, if there are any, such that 
X is contiguous to some point of M. Suppose P is a limit 
point of 6. Then it is a limit point either of Mg or of 
B—Mz. That every limit point of B—M¢ belongs to 6 fol- 
lows as in ordinary point set theory. Suppose P is a limit 
point of My. Then, since every point of Mg is contiguous 
to some point of the closed point set M therefore, by 
Axiom C, P belongs to M. But Mg is a subset of S—M. 
Hence P is a limit point of S—M. Therefore if P belongs 
to M it is a boundary point of M by definition. If it does not 
belong to M, it belongs to M—WM and therefore, again by 
definition, it is a boundary point of M. Thus 8 is closed. 
But M+68=M+6 and M is closed. Hence M+ is closed. 

THeoreM 13. If M is a closed and compact point set, 
X,, Xo, X3, --+ is an infinite sequence of distinct points of 
M, and, for each n, Yn is a point of M which 1s contiguous to 
X, and d (X, Y) 1s a distance function with respect to which 
M 1s metric, then d (Xn, Yn) 0 as n> &. 

Proof. Suppose, on the contrary, that there exist a posi- 
tive number ¢ and an infinite sequence of positive integers 
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1, M2, 3, --* such that, for each 1, d (Xn Yap) >eoe There 
exist points X and Y and a subsequence m1, me, ms, -*- of 
the sequence 71, 72, 23, --- such that X and Y are the se- 
quential limit points of the sequences Xin, X mgs A Gig 
ANIGMY grind ngs olan ahaa respectively. Now, for each j, the 
point set 7; consisting of Y and the points of the sequence 
Vagal eaie ony em es else dan datOn eachst,.2\aypaag 
contiguous to Ym,,,. Furthermore, since the points of the 
sequence Xm, Xmoy Amz °° are all distinct, X is a limit 
point of the point set Xm;,,+Xmj,.+Amjygt °°>> There- 
fore, by Axiom C, for each 7, X belongs to 7;. But Y is the 
only point common to all the point sets of the sequence 
T;, To, T3,-++. Therefore d (Xm, Y)—20 as 7 increases in- 
definitely. But so does d (Yn, Y). Therefore so does 
d (Xm Ym,). Thus the supposition that d (Xn, Yn) does not 
approach 0 as n increases indefinitely leads to a contra- 
diction. 

THEOREM 14. If the closed point set M is compact there 
does not exist an uncountable subset K of M such that each 
point of K 15 contiguous to some point of M. 

Proof. Suppose there exists such a set K. By Theorem 
8, there exists a distance function d (X, Y) with respect to 
which M is a metric space. For each point P of K let Xp 
denote some point of M which is contiguous to P. There 
exists a positive number e¢ such that, for uncountably many 
distinct’ points Poof K, d\(PyXp)>e..-Let PyePy Pa 
denote a sequence of distinct points of K. By Theorem 13, 
d (P, Xp,)—0 as n>. This involves a contradiction. 

Derinition. The subset H of the point set M is said 
to be closed relatively to M if M contains no limit point of 
H that does not belong to H. The point P is said to be a 
boundary point, relatively to M, of the subset H of M if P 
belongs both to M and to the boundary of H. The set of 
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all boundary points of H relatively to M is called the bound- 
ary of H relatively to M. 

THeEorEM 15. If the subset H of the point set M is closed 

relatively to M and M—H is the sum of two mutually sepa- 
rated point sets K and L then K is a domain with respect to M 
and 1ts boundary with respect to M, if it exists, 1s a subset of H. 
_ Tueorem 16. If M and N are mutually separated closed 
‘point sets and M 1s compact then there exists a domain D con- 
taining M such that N contains no point either of D or of its 
boundary. 
: Proof. Let 6 (N) and £8 (D) denote the boundaries of N 
and of D respectively. By hypothesis, M and N+ 8 (N) are 
mutually exclusive and M is closed and compact and, by 
Theorem 12, V+8 (J) is closed. It follows, by Theorem 6, 
that there exists a domain D containing M such that D 
and N+ 8 (JN) are mutually exclusive. Clearly N contains 
no point of D+{(D). 

THEOREM 17. Suppose H and K are two mutually sepa- 
rated closed point sets and M,, Mo, M3, --- 15 a sequence of 
closed and compact point sets such that (1) every M,, contains 
both a point of H and a point of K, (2) for each n, M, con- 
tains My, and (3) no M, 1s the sum of two mutually sepa- 
rated closed point sets one containing a point of H and the 
other containing a point of K. Then 1f M denotes the com- 
mon part of all the point sets of this sequence, the closed point set 
M is not the sum of two mutually separated closed point sets one 
containing a point of H and the other containing a potnt of K. 

Proof. Suppose, on the contrary, that M is the sum of 
two mutually separated point sets My and Mg, intersecting 
H and K respectively. By Theorem 16 there exists an open 
subset D of M containing My and such that Mx contains 
no point of D or of 8, the boundary of D with respect to M. 
For each n, M,, contains a point of 8. Otherwise /, would 
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be the sum of two mutually separated point sets D- M, 
and M,—(D+8) -M, containing M,-My and M,-Mx re-. 
spectively. But, by Theorem 12, 6 is closed. Hence 8-M,, 
8 -M>, B-M3, --- is a sequence of closed and compact point 
sets each containing the next one. Hence, by Theorem 3, 
the point sets of this sequence have at least one point O 
in common. The point O belongs to M@-8. This involves a 
contradiction. 

TueoreM 18. If M is a nondegenerate connected point set 
every point of M either is a limit point of M or 1s contiguous 
to some other point of M. 

Proof. If P is a point of M either one of the sets P and 
M-—P contains a limit point of the other one or P is con- 
tiguous to some point of M—P. Since-no point is a limit 
point of a single point, the conclusion follows. 

TuHeoreM 19. If H and K are two mutually separated 
point sets, every connected subset of H+K 1s a subset either 
of H or of K. 

THEOREM 20. If M is a connected point set and L is a 
point set consisting of M together with some or all of its bound- 
ary points, then L is connected. 

THeorEM 21. If G is a collection of connected point sets 
and there exists a point set g of the collection G such that, for 
every other point set x of G, g contains either a point or a 
boundary point of x then the sum of all the point sets of the 
collection G is connected. 

DeFInitions. A point set which is both closed and con- 
nected is called a continuum. If H and K are two mutually 
exclusive closed point sets, the continuum M is said to be 
irreducible from H to K if M contains both a point of H and 
a point of K but no proper subcontinuum of M does so.! 


1The notion of an irreducible continuum was introduced by L. Zoretti, “La 
notion de ligne,” Ec. Norm., XXVI (1909), pp. 485-497. 
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_ Tueorem 22. If M is a point set and K is a subset of the 
set of all points X such that X is contiguous to some point of 
M then M+K is closed and if M is connected then M+K 
1s a continuum. 
_ Tueorem 23. If H and K are two mutually separated 
closed point sets and M 1s a closed point set containing H and 
K and M 1s not the sum of two mutually separated closed point 
sets, one containing a point of H and the other containing a 
point of K, but every closed proper subset of M that contains 
both a point of H and a point of K is the sum of two such 
point sets, then M 1s an irreducible continuum from H to K. 
| TueoremM 24. If the closed and compact point set M con- 
tains a point of each of two mutually separated closed point 
set H and K and 1s not the sum of two mutually separated 
closed point sets one containing a point of H and the other 
one containing a point of K, then M contains a continuum 
which 1s irreducible from H to K. 

THEOREM 25. If the closed and compact point set M in- 
tersects each of the iwo mutually separated closed point sets 
H and K but M contains no continuum that intersects both 


: 
| 


of them, then M 1s the sum of two mutually separated closed 
point sets intersecting H and K respectively. 

THEOREM 26. If H and K are mutually excluswwe closed 
subsets of the compact continuum M there is a subcontinuum 
of M that ts irreducible from H to K. 

Theorems 23 and 24 are worded in precisely the same 
manner as Theorems 31 and 32 of pages 18 and 19 of P. S. T. 
except for the substitution of “mutually separated” for 
“mutually exclusive.” They may be established by argu- 
ments having much in common with the arguments given to 
prove these Theorems in P. S. T. Theorems 25 and 26 are 
almost direct corollaries of Theorem 24. 

TuHeoreM 27. If H and K are mutually separated closed 
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subsets of the compact closed point set M but M contains no 
continuum containing both a point of H and a point of K, 
then M is the sum of two mutually separated closed point sets 
one containing H and the other containing K. 

Theorem 27 is the same as Theorem 35 of Chapter I of 
P. S. T. except for the substitution of “mutually separated” 


99 


in place of “mutually exclusive.” It may be proved with 
the help of Theorems 25, 16 and 5. 

TueoreM 28. If H and K are two mutually separated closed 
point sets and the compact continuum M 1s irreducible from H 
to K then M—M -(H+K) is connected, M—M - His connected 
and every point of M-H is aboundary point of M—M - H with 
respect to M. 

Theorem 28 may be established with the help of Theorem 
27 by an argument largely similar to that employed to prove 
Theorem 37 of Chapter I of P. S. T. 

DerFinition. A maximal connected subset of a point set M 
is a connected subset of M which is not a proper subset of 
any other connected subset of M@. A maximal connected 
subset of a point set is also called a component of that point 

THEOREM 29. If the open subset D of the continuum M 1s a 
proper subset of M and D and its boundary are compact then 
the boundary with respect to M of D contains at least one 
boundary point of every maximal connected subset of D. 

Theorem 29 may be established with the help of Theorems 
26, 27 and 28. 

THEOREM 30. If K is a closed proper subset of the con- 
tinuum M and M—K and its boundary are compact then K 
contains a boundary point of every maximal connected subset 


of M—K. 


Theorem 30 may be easily established with the help of 
Theorem 29. 
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Derinition. The point set M is said to be connected in 
the strong sense, or strongly connected, if for every two points 
‘X and Y of M there exists a continuum which contains both 
X and Y and which is a subset of M@. A maximal strongly 
connected subset of a point set M is a strongly connected 
subset of Mf which is not a proper subset of any other such 
subset of M. 

THEOREM 31. If K is a closed proper subset of the compact 
continuum M, then K contains a boundary point of every 
maximal strongly connected subset of M—K. 

Proof. Let A denote a point of M—K and let W denote 
the maximal strongly connected subset of M—K that con- 
tains 4. Suppose K contains no boundary point of W. 
Since K and W are mutually separated, closed and compact 


point sets therefore, by Theorem 16, there exists a domain 
Dy containing W and such that K contains no point either 
of Dy or of its boundary. By Theorem 29, the boundary of 
Dy contains at least one boundary point P of L, the com- 
ponent of M-Dy that contains 4. The point set consisting 
of LZ plus its boundary is a continuum lying in M—K and 
containing both 4 and the point P. Thus P belongs to W. 
But this is impossible since W is a subset of Dy and P does 
not belong to Dy. 

THEOREM 32. If Dand D, are open subsets of the continuum 
M and both D and 8B, its boundary with respect to M, are com- 
pact and M—D is non-vacuous and D, is a subset of D then 
there exists asubcontinuum of M lying wholly in D+B—D, and 
containing both a point of B and a point of Bi, the boundary of Dy. 

Proof. If 6 and 6, have a point in common, let V denote 
one such point. If some point X of @ is contiguous to some 
point X, of B;, let N denote the point set X+X,. If 6 and 
B1 are mutually separated then, by Theorem 26, there exists 
a subcontinuum K of M which is irreducible from 6 to 6; 
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and, by Theorem 28, K—K - (8+6:) is connected. Let N 
denote the point set consisting of K—K- (6-+6,) together 
with its boundary with respect to M. In each case the 
continuum N lies wholly in D+8—D, and contains both a 
point of 8 anda point of f}. 

There is a theorem of Sierpinski’s to the effect that if the 
closed and compact point set M is the sum of a countable 
number (more than one) of mutually exclusive closed sets 
then M is not connected. This, of course does not hold as 
a theorem here, for a point set consisting of two contiguous 
points is a compact continuum. As may be seen from the 
same example, the proposition that no non-degenerate locally 
compact continuum is the sum of a countable number of 
closed and totally disconnected’ point sets also fails to be 
a theorem here. If, in the statement of Sierpinski’s proposi- 
tion, the word “separated” is substituted for the word “ex- 
clusive” the resulting proposition does hold here. 

Derinition. If H, K and T are proper subsets of the 
connected point set / then T is said to separate H from K 
in M if M—T is the sum of two mutually separated point 
sets containing H and K respectively. 

With the use of this definition, intervals and segments of 
connected point sets and relations of order between points 
of such intervals may be defined just as in P. §. T. There 
is a very large group of propositions concerning these notions 
of order which hold true here just as in ordinary point set 
theory. All the numbered theorems from 45 to 69 of Chap- 


ter lof P.S. T. hold true here with the exception of Theorems 
60 and 63.” 


1A point set is said to be totally disconnected if it contains no non-degenerate 
connected point set. 

*If “vacuous or connected” is substituted for “connected” in the statement of 
the first of these two theorems and “distinct from its endpoints”’ is substituted for 


Goes : 
distinct from P” in the statement of the other one, the resulting propositions 
hold true here. 
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| THEOREM 33. If M is a closed and compact point set and 
a 15 a convergent sequence of mutually exclusive continua all 
lying in M then the sequential limiting set of a 1s either a single 
point or a non-degenerate perfect continuum which is not the 
sum of any two mutually exclusive closed point sets. 

_ Proof. Suppose, on the contrary, that K, the limiting set 
of a is the sum of two mutually exclusive closed point sets 
Hand L. By Theorem 6, there exists an open subset D of 
|M containing H and such that D contains no point of L. 
For each n, let K, denote the nth term of the sequence a. 
There exists a number m such that, for every ” greater than 
mM, K,, contains a point of D and a point of M—D and there- 
fore a point P, belonging to 8, the boundary of D. The 
‘point set P}+ P.+P; +--- has a limit point 0. The point O 
belongs both to K and to D—D. But this involves a con- 
tradiction. 

It is to be noted that the conclusion of Theorem 33 gives 
much more information than would be given by the state- 
ment that the limiting set of a is either a single point or a 
non-degenerate perfect continuum. For the Example 3 de- 
scribed shortly after the statement of the Axioms of 2, is an 
example of a space in which there is a perfect continuum 
(in this case the set of all points) which is the sum of two 
mutually exclusive closed point sets. Theorem 33 would not, 
however, continue to be a true theorem here if its conclusion 
were so strengthened as to require that no subcontinuum of 
the limiting set of a be the sum of two mutually exclusive 
closed point sets. For there are examples in which the limit- 
ing set of such a sequence contains two points which are 
contiguous to each other. 

TuHeoreM 34. If the open subset D of the continuum M 1s 
a proper subset of M and D is compact and H denotes the set 
of all points X of D such that X is contiguous to some point of 
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M-—D, then H+(D—D) contains at least one point or limit 
point of every component of D and at least one point of every 
component of D. 

Proof. Since M is connected and D 1s a proper subset of 
M therefore H+(D—D) exists. Let O denote a point of D 
and let 7’ denote the component of D that contains O. If 
O either belongs to H or is contiguous to some point P of 
H+(D—D), then either O or O+P is a connected subset 
of D containing a point of H+(D—D) and therefore 
H-+(D—D) contains either the point O or the point P of T. 

Suppose O neither belongs to H nor is contiguous to any 
point of H+(D—D). Since every point of H is contiguous 
to some point of the closed point set M/—D therefore, by 
Axiom C, M—D, and therefore D—D contains every limit 
point of H. Hence H+(D—D) is closed and it and O are 
mutually separated. The closed point set D is not the sum 
of two mutually separated point sets My and My containing 
O and H+(D—D) respectively. For if it were then M 
would be the sum of the two mutually separated point sets 
Mo and My+(M-—D) contrary to the hypothesis that M is 
connected. But D is compact. Hence, by Theorem 27, D 
contains a continuum containing both O and a point of 
H+(D—D). Hence, by Theorem 26, D contains a con- 
tinuum N which is irreducible from O to H+(D—D). 
Theorem 28, N—N-[H+(D—D)] is connected and every 
point of NV | +(D—D)] is a boundary point of it. Hence 
N—N -[H+(D—D)] is a subset of T and every point of 
N [H+(D—D)] either belongs to 7 or is a limit point of it. 

Tueorem 35. If D and D, are open subsets of the con- 
tinuum M, D 1s compact, M—D is non-vacuous and Dy, is 
a subset of D then there exists a subcontinuum of M lying 
wholly in D—D, and containing both a point of the bound- 
ary of D, and a point of the boundary of M—D. 
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THeorEM 36. If D and Dy, are open subsets of the closed 
point set M, D is compact, D, is a subset of D and 
M,, M2, M3, --- 15 a sequence of mutually exclusive continua 
lying in M and, for each n, M, contains both a point of D, 
and a point of M—D, then (1) there exists a number m such 
that, for every n greater than m, M,, contains a non-degenerate 
continuum H, lying in D—D, and containing both a point of 
B (Dj), the boundary of D, with respect to M, and a point of 
B(M—D), the boundary of M—D with respect to M and (2) some 
subsequence of Hy, H»., Hs, +--+ converges to a continuum lying 
in D—D, and containing a perfect continuum lying in D—Dy. 

Proof. If 8 (D,) and 8 (M—D) denote the boundaries with 
respect to M of D, and of M—D respectively, there do 
not exist infinitely many points X such that X belongs 
to one of the point sets B (D,) and 8 (M—D) and either 
belongs to the other one or is contiguous to some point of 
it. Hence there exists a number m such that if n >m then 
M,,-[Di+6 (D,)] and M,,-[(M—D)+8 (M—D)] are mutually 
separated. 

Let K, denote a component of M,-D containing some 
point of D,. By Theorem 34, K,, contains a point of 8 (M—D). 
Since it is a subset of D, the continuum K,, is compact and 
it intersects both B (M—D) and D,+8(D,). Therefore, by 
Theorem 26, there exists a subcontinuum H, of K, which 
is irreducible from 6 (M—D) to D,+8 (D). By Theorem 28, 
ifn >m, then H, —H,-[D:+6 (D1) +8 (M—D)]is a connected 
point set ZL, and D,+(D,) contains a point P such that 
either P is a limit point of L, or P is contiguous to some 
point X of L,. Inthe first case, P belongs to the boundary 
of D;. In the second case, X or P belongs to the boundary 
of D,; according as P does or does not belong to D;. So, in 
either case, H,, contains a point of the boundary of D,. The 
continuum H,, is either L, or the point set obtained by add- 
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ing to L, one or more points that are contiguous to Ly. 
But L,, contains no point of D,+8 (D,). Hence H, contains 
no point of D;. Hence it is a subset of D—D,. 

There exists an ascending sequence of numbers 11, 2, %3, * 
such that Hn, Hn, Ang, - >> is convergent. Since, for every 
n greater than m, H, intersects each of the two mutually 
exclusive closed point sets D,+6(D,) and B(M—D), the se- 
quential limiting set of the sequence Hn,, Hny, Hng, ++ > con- 
tains at least two distinct points, one belonging to D, and 
oneto D—D. Hence, by Theorem 33, it is a non-degenerate 
perfect continuum 7 which is not the sum of two mutually 
exclusive closed point sets. The continuum 7 intersects both 
D—D and D, and it is a subset of D—D,. Since 7 -(D,) and 
T -(D—D) are non-vacuous, closed and mutually exclusive, 
T contains a point O belonging to neither of them and there- 
fore belonging to the point set D—D,. There exist open 
subsets D, and D3, of M, containing O such that Dz is a 
subset of D—D, and D3 is a subset of Dy. There exists a 
number k& such that each continuum of the sequence H,,, 
Any yy» Hny yg, *** Contains a point of D3. But each of them 
contains a point of D, and therefore of M—D,. Hence there 
exist an infinite subsequence m1, m2, m3, «++ of the sequence 
M1, Ne, M3, --+ and a sequence Qn, Qnoy Qngy° ++ such that (1) 
for each 1, Q,,;1s a subset of H,, lying wholly in D,—D3 and 
containing both a point of 6(D3) and a point of 6(M—D,), 
(2) the sequence Qn, Qnoy Qngs ++ converges to a non- 
degenerate continuum Q. The sequence Hiculiy;s, tae 
converges to 7, and Q is a perfect subcontinuum of T which 
lies in D—D, and intersects D3 and Dz—Dz and which is not 
the sum of two mutually exclusive closed point sets. 

Derinition. If 4 and B are two points, by a simple 
chain of domains from 4 to B is meant a finite sequence 
Ri, Rz, +--+, Rm of domains such that (1) R; contains 4 and 
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R, contains B, (2) no domain of this sequence except R; 
contains 4 and none except R,» contains B, (3) if i>j;+1, 
no point of R; is identical with, or contiguous to, any point 
of R;, (4) if t=7+1, some point of R; is identical with, or 
contiguous to, some point of R;. 

THEOREM 37. If M is a connected point set, A and B are 
two distinct points of M and G 1s a set of domains covering M 
then there exists a simple chain from A to B such that every 
link of this chain 1s a domatn of the set G. 

Derinitions.' The point set M is said to be connected im 
kleinen at the point O if O belongs to M and for every open 
subset D of M that contains O there exists an open subset 
of M which contains O and which is a subset of a component 
of D. The point set M is said to be locally connected at the 
point O if O belongs to VM and every open subset of M that 
contains O contains a connected open subset of M contain- 
ing O. If a point set is locally connected at every one of 
its points it is said to be locally connected and if it is con- 
nected im kleinen at every one of its points it is said to be 
connected im kleinen. 

A connected im kleinen continuum is called a continuous 
curve. 

If a point set M is connected im kleinen at every point 
of some open subset of M that contains the point O of M 
then M is locally connected at O. 

Theorems 1-37 are consequences of the axioms of 2, ex- 
clusive of Axiom 2. With the help of Axiom 2 and Theorem 
37 the following theorem may be established by an argu- 
ment having much in common with that used to establish 


the first theorem of Chapter II of P. S. T. 


1Cf. Hans Hahn, Jahresbericht der D. Math. Vereinigung, XXIII (1914), pp: 
318-322, and S. Mazurkiewicz, Fundamenta Mathematicae, 1 (1920), and earlier 
papers in Polish, referred to therein. 
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TueoreM 38. If 4 and B are distinct points of a connected 
domain D there exists a simple continuous arc from A to B- 
that lies wholly in D. 

Indeed the first nineteen numbered theorems of Chapter 
II of P. S. T. hold here without any change whatever in 
their wording. Each of the following four theorems, 39-42, 
either belongs to this group or is a modification’ of one 
belonging to it. 

THEOREM 39. If the continuous curve M 1s regarded as a 
space and the term “‘region’’ is interpreted to mean a connected 
open subset of M, then, with respect to this interpretation of 
“point” and “region,” the axioms of Ze are satisfied and 
“limit point’ is invariant under this change. 

TuHeoreM 40. Jf Dis a point set, M 1s a point set, a is a 
sequence of distinct components of M -D, and O 1s a point be- 
longing to the limiting set of a and lying in some region which 
is a subset of D then M 1s not connected 1m kleinen at O. 

TuHeoreM 41. If A, B and O are three distinct points of 
a subset M of a locally connected and connected point set T 
and M 1s closed with respect to T and there exists at least one 
point of M that separates O from both A and B in T and 
neither of the points A and B separates the other one from O 
in T, then there exists a point of M which separates O from 
A+B in T and which 1s not separated from A+B in T by 
any point of M. 

TueoremM 42. If O and A are two points of a subset M of 
a locally connected and connected point set T and M is closed 
with respect to T, then the set of all points of M that separate 
O from A in T is compact. 

THEoREM 43. If O is a point of the locally compact con- 


1 Theorems 41 and 42 correspond to propositions which may be obtained from 
Theorems 12 and 13 of P. S. T. by weakening their hypotheses in the manner 
indicated in the appendix of the book. Cf. the references made there to the work 
of O. H. Hamilton and F. B. Jones in this connection. 
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tinuum M and M 1s not connected im kleinen at O then, if R 
is a region containing O, there exist a connected domain D 
containing O and lying in R, an infinite sequence of points 
O;, O2, Oz, --- of D converging to O and an infinite sequence 
of mutually separated continua M,, Ms, M3, --- such that 
(1) M-D is compact, (2) for each n, M, is a component of 
M-D—O containing O, and either a point of D—D or a point 
of D which 1s contiguous to some point of M—D-M, (3) the 
sequence M,, Mo, M3, --- converges to a perfect subcontinuum 
K of M containing O and a point of D—D and such that there 
1s a perfect subcontinuum of K lying wholly in D. 

Theorem 43 may be established with the help of Theo- 
rems 34 and 36 and an argument having much in common 
with the proof of Theorem 8 of Chapter II of P. S. T. 

TuHeEoremM 44, Under the hypothesis of Theorem 43, if D is 
a domain and K, M,, Mo, M3, --- are continua fulfilling the 
conditions described in the statement of that theorem, then there 
exists a sequence of points O;, Os, O3, «++ converging to a point 
O' such that, for each n, O;, belongs to M, and O' is a point of 
K-D which is not contiguous to any point of M—D. 

Proof. Let T denote a perfect subcontinuum of K lying 
in D. Every point of T is a limit point of 7. Since 7 and the 
closed point set 1/—D are mutually exclusive it follows, by 
Axiom C, that there is a point O’ of T which is not con- 
tiguous to any point of M—D. Since O’ belongs to K -D 
there exists a sequence of points Oj, 03, 03, --- converging 
to O’ and such that, for each n, 0%, belongs to D -M,j. 

TuHeoreM 45. If the continuum M 1s locally compact at 
the point O then in order that M should be connected im kleinen 
at O it is sufficient that for every subcontinuum K of M not 
containing O there should exist a finite collection of continua 
filling up M such that no one of them contains both O and a 
point of K. 
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Proof. Suppose D is an open subset of M containing O 
and such that D is compact. If D is M then it is connected. 
Suppose it is not M. Then M—D has a boundary V with 
respect to M. If O is not contiguous to any point of M—D, 
let L denote VY. If O is contiguous to at least one point of 
M-—D, let L denote Y—O. By Axiom C, the closed point 
set M—D contains every limit point of the set of all points 
X such that X is contiguous to a point of M—D. There- 
fore O is not a limit point of Y—O. Hence, whether or not 
O belongs to V, L is closed. For each point X of L there 
exists a finite collection Gx of continua filling up M such 
that no one of them contains both O and X. Let 7x denote 
the sum of all the continua of Gy that contain X. Let G 
denote the collection of all 7x’s for all points X of L. For 
each X, Tx contains an open subset of M containing X. 
Hence, since it is closed and compact, L is covered by a 
finite subset H of G. Let N denote the sum of all the con- 
tinua of the collection H. The closed point set NV does not 
contain O. 

Let Z denote the point set consisting of M—WN together 
with its boundary, let Q denote D-Z and let K denote the 
component of Q that contains O. Suppose that O is a limit 
point of M—K. Then it is a limit point of Q—K. Since K 
is a component of Q, O is not a limit point of any connected 
subset of Q—K. Hence there exist a sequence of points 
P,, Ps, P3, --- and a sequence of distinct continua 
Ky, Ke, Kz, --- such that (1) for each n, Ky is a component 
of Q distinct from K, (2) for each n, P, belongs to Kn; 
(3) the point O is the sequential limit point of the sequence 
P, Po, Ps, ---. The collection H is finite. It follows, with 
the help of Theorem 34, that there exist a continuum g of 
the collection H and an infinite subsequence a of the se- 
quence Ky, Ky, K3, --- such that every continuum of the 
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sequence a has a point in common with g. Let G; denote 
the collection of all continua « of H such that there exists 
a subcontinuum of M containing both a point of g and a 
point of x but not containing 0. There exists a finite col- 
lection G’ of continua filling up M such that no continuum 
of G’ contains both O and a point of Gj. Let T denote the 
sum of all the continua of G’ that contain O. The con- 
tinuum 7 contains an open subset of M containing O. Hence 
it contains points of two different continua h and & of the 
sequence a. But h and & are distinct components of Q not 
containing O. Therefore 7 contains a point of NV belonging 
to h and therefore a point of Gj. Thus the supposition that 
O is a limit point of M—K has led to a contradiction. 
Hence K contains an open subset of M containing O. But 
K is a connected subset of D. Therefore M is connected 
im kleinen at O. 

THEOREM 46. If the locally compact continuum M is not 
connected 1m kleinen at the point O then there exists a perfect 
subcontinuum K of M containing O and such that no point of 
K 1s separated from O in M by a finite subset of M and such 
that furthermore there are uncountably many points of K that 
are not contiguous to O. 

Proof. By Theorem 43 there exist a connected domain D 
containing O, an infinite sequence of points Oj, O2, O3, --- 
converging to O and an infinite sequence of mutually sepa- 
rated continua M,, M2, M3,--- such that (1) M-D is com- 
pact, (2) for each n, M, is a component of M-D—O con- 
taining O, and a point of the boundary of M—D, (3) the 
sequence M,, Mz, M3, --- converges to a perfect subcon- 
tinuum K of M containing O. Suppose X is a point of K 
and JN is a finite subset of M/. There exists a number 7 such 
that no one of the continua M,, Mj41, --- contains a point 
of NV. Suppose M—W is the sum of two mutually sepa- 
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rated point sets H and K containing O and X respectively. 
By Theorem 19, each continuum of the sequence 
M., Miss, Misa, --+ is a subset either of H or of K. Hence 
there exists an infinite subsequence a of the sequence 
M,, Mist, Misa, «++ such that either H contains every con- 
tinuum of a or K does so. Let W denote the point set 
obtained by adding together all the continua of the sequence 
a and let Q denote H or K according as W is a subset of H 
or of K. Since O and X are limit points of W belonging to 
M-—N therefore they both belong to Q contrary to the sup- 
position that they belong to H and to K respectively. Since 
K is uncountable therefore, by Theorem 14, there are un- 
countably many points of K that are not contiguous to O. 

TueoreM 47. If P is a point of an open subset D of a 
compact continuum M and L 1s the set of all points of M that 
are contiguous to P and T is the common part of L and B(D), 
the boundary of D with respect to M, then there exists an open 
subset U of M lying in D and containing P+L-D, but no 
point of T, and such that the set of all points of the boundary of 
U that do not belong to L is either vacuous or closed. 

Proof. By Axiom C, P contains every limit point of L. 
Hence T and P+-L—T are mutually exclusive closed point 
sets. Hence there exists an open subset W of M containing 
P+L—T and such that W contains no point of T. Let U 
denote W-D. The point set U is an open subset of M con- 
taining P and, if 6(U) denotes its boundary, no point of 
8(U)—T is contiguous to P. By Axiom C, if C(U) denotes 
the set of all points of 8(U) that are contiguous to some 
point of U, U—U contains every limit point of C(U) and 
therefore no limit point of C(U) belongs to T. Since U 
is a subset of W and W contains no point of 7, there- 
fore the closed point set U contains no point of 7. But 
B(U) =C(U)+(U—U). Hence 8(U)—T is closed. 
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Derinition. The point set M is said to be compactly 
connected if every two points of M lie together in some com- 
pact continuum which is a subset of M. 

TuHeoreM 48. If P is a point of the compactly connected 
continuum M, and M is a subset of the point set T and Mp 
denotes the set of all points X of M such that X is not separated 
from P in T by any one point, then Mp 1s a continuum. 

Theorem 48 may be proved with the assistance of Theo- 
rem 26. ys 

THEOREM 49. If M is a locally compact and compactly 
connected subcontinuum of the continuous curve T and O is a 
point of M at which M is not connected im kleinen then there 
exists a subcontinuum K of M containing O such that K is 
not connected 1m kleinen at O and such that no point of K 
separates any two points of K from each other in T. 

Proof. By hypothesis and Theorem 43, there exist a do- 
main D containing O, an infinite sequence a of distinct points 
P,, P2, P3, --- of D converging to O and an infinite sequence 
of mutually separated continua M,, M2, M3, --- such that 
(1) M-D is compact, (2) for each n, M, is a component of 
M -D not containing O but containing P,, and either a point 
of D—D or a point of D which is contiguous to some point 
of M—D-M, (3) the sequence M,, M2, M3, --- converges 
to a perfect subcontinuum L of M which contains O and a 
point of D—D and which contains a perfect continuum 
lying wholly in D. 

Let 4 denote some definite point of L distinct from O. 
The point O is not separated from 4 in M by any one point. 
Hence it is not separated from 4 in T by any one point. It 
follows that if a point of 1/—A separates a point of M from 
O in T then it separates it from 4+0 in T. Therefore, by 
Theorem 41, if the point P of M is separated from O in T 
by some point of MV and neither of the points 4 and O sepa- 
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rates the other one from P in 7, then there exists, in M, 
a point Xp which separates O from P in T but which is not 
itself separated from O in T by any point of M. Let Mo 
denote the set of all points P of M such that no point 
separates P from O in T. By Theorem 48, Mo is a con- 
tinuum. Since 7 is a continuous curve there exist two mutu- 
ally exclusive and connected open subsets Do and D4 of T 
containing O and 4 respectively and lying wholly in D. 
There exists a number & such that if n> then WW, contains 
both a point of Do and a point of D4. Neither of the points 
A and O separates the other one, in 7, from any point of 
the sequence Pyii1, Pere, Pris, °° ° 

Suppose Mo is connected im kleinen at O. Then clearly 
there exists a natural number m greater than k such that Mo 
contains no point of the sequence Pinsi, Pms2, Pmi3) ° 
For each n, let B, denote Ps, and let O, denote the point 
Xz, For each n, T—O, is the sum of two mutually sepa- 
rated point sets U, and V, containing B, and O respec- 
tively. Let H, denote the point set M-U,+0,. For each 
n, H, is a continuum containing O, and B,. There exists 
an ascending sequence of natural numbers 7), 2, n3, °° 
such that On,, Ong; Ong, --+ converges to some point F and 
such that U,,, Ung, Ung, +--+ are mutually exclusive. Let £ 
denote a region containing F. There exists a region R 
containing F and such that R-M is compact. Suppose 
infinitely many of the continua H,,,, H{,, Hy,;% 4 scveontams 
points of S—R. Let R, denote a region containing F such 
that R; is a subset of R. Let 6 and 6, denote the boundaries 
of M-R and M-R, respectively with respect to M. There 
exists an ascending subsequence my, mo, m3, --+ of the se- 
quence 71, %2, 13, --- such that, for every i, O,,; belongs to 
R, and H,;, contains a point of S—R. By Theorem 36, 
there exists a number g such that (1) if i>g, H», contains 
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a non-degenerate continuum Hj, lying wholly in R—R, and 
containing both a point of @(R), the boundary of R, with 
respect to M, and a point of 6(M—R-M), the boundary 
of M—R-M with respect to M, (2) some subsequence 
Q:, Qe, Qs, --- of the sequence Hm,,1, Hg, °* > converges 
to a continuum containing a point F” lying in R—R,. For 
each i, let K; denote the component of 7'-(R—R;) that con- 
tains Q;. The continua of the sequence Ki, Ko, K3, --- are 
mutually separated and the limiting set of this sequence 
contains the point F’. Therefore, by Theorem 40, 7' is not 
connected im kleinen at F’. But this is contrary to hy- 
pothesis. It follows that each region that contains / con- 
tains all but possibly a finite number of the continua 
tei siinstlinsy i Elence fis O» There, exists :asregion,Z 
containing / and such that Z-Mo is a subset of the com- 
ponent of D- Mo, and therefore of W the component of 
M.D, that contains F. There exists a natural number 5 
such that, for every 7 greater than 6, H,, is a subset of Z. 
But H,, is a continuum containing B,, and the point O,, of 
Mo. Hence B,,,, and B,,,, both belong to W. But they 
belong respectively to Mmins,, and Mmins,., two distinct 
components of M@-D. Thus the supposition that Mo is con- 
nected im kleinen at O has led to a contradiction. Since 7 
is a continuous curve, no component of 7—O contains a 
limit point of the sum of the remaining components of 7—O. 
It follows that there exists a component U of T—O such 
that O+U-Mpo is a continuum K which is not connected 
im kleinen at O. The continuum K satisfies all the require- 
ments of Theorem 49. 

Derinition.! The point P of the continuum J is said to 
be a regular point of M, and M is said to be regular at P, if 


1Cf, Karl Menger, ‘“Grundzuge einer Theorie der Kurven,” Math. dnn., XCV 
(1925), p. 279. 
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every open subset of M containing P contains an open subset 
of M whose boundary with respect to M is a finite point 
set. The continuum M is said to be a regular curve if it is 
regular at every one of its points. 

If there are no two contiguous points in space, then, if 
the continuum M/ is regular at the point P, every point of 
M distinct from P is separated from P in M by a finite set 
of points. But this is not true in every space satisfying the 
axioms of ,. Suppose, for example, the continuum // con- 
sists of the two contiguous points P and X. This continuum 
is regular at the point P for P is itself an open subset of M 
which lies in every open subset of M containing P and the 
boundary of P is the single point X. But since X is con- 
tiguous to P it is not separated from P in M by any point 
set whatsoever. It is to be noted that in this example not 
every open subset D of M containing P contains an open 
subset of M whose boundary is a subset of D. Thus Theo- 
rem 59 of Chapter II of P. S. T. does not hold true here. 
However it is true that if Z is a closed proper subset of the 
compact continuum M and &M is regular at every point of 
L then every open subset D of M containing L contains an 
open subset of M containing L and bounded, with respect 
to L, by a finite subset of M (not necessarily of D). Further- 
more, while it is not true that every two mutually exclusive 
closed subsets of a compact regular curve MV are separated in 
M by a finite subset of M, it is true that every two mutually 
separated closed ones are. And in order that a compact 
continuum M should be a continuous curve it is necessary 
and sufficient that every two mutually separated closed sub- 
sets of M should be separated from each other in M by the 
sum of some finite number of subcontinua of M.! This may 


1Cf. G. T. Whyburn and W. L. Ayres, “On continuous curves in 2 dimensions,” 
Bull. Am. Math. Soc., XXXIV (1928), pp. 349-360. 
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be shown with the assistance of Theorem 45. With the help 
of this same theorem, the proposition of W. A. Wilson stated 
on page 136 of P. S. T. may also be shown to hold true here. 

TueEoreM 50. If P is a point of a compact continuum M 
and for every closed subset H of M such that P and H are 
mutually separated there 1s a finite point set that separates P 
from H in M then M is regular at P. 

Proof. Suppose D is an open subset of M containing P. 
Unless M is degenerate, D contains an open subset D, of M 
which contains P and has, with respect to M, a non-vacuous 
boundary 8(D,). If no point of B(D,) is contiguous to P 
there exists a finite point set V such that —VN is the sum 
of two mutually separated point sets Hp and H, containing 
P and B(D,;) respectively. Let J denote the common part 
of the point sets D,; and Hp. The point set J is a domain 
with respect to M, it contains P and its boundary with 
respect to VM is a subset of N+ (D,) and therefore of NV 
since J and 6(D,) are mutually separated. 

Suppose at least one point of 6(D,) is contiguous to P. 
Let 7 denote the set of all such points. By Theorem 9, 7 
is a finite set. If 8(D,)—T is vacuous, D, is itself a subset 
of D with a finite boundary. Suppose §(D,)—T is non- 
vacuous. By Theorem 47, there exists an open subset U of 
M lying in D,; and containing P and such that if B(U) de- 
notes the boundary of U then T is the set of all points of 
B(U) that are contiguous to P and B(U) —T is closed. Since 
B(U)—T is closed and P is not contiguous to any point of 
it, therefore there exists in VM a finite point set N such that 
M-—N is the sum of two mutually separated point sets Hp 
and Hgy)—r containing P and 6(U)—T respectively. The 
point set Hp is an open subset of M whose boundary with 
respect to M is a subset of the finite point set V. The point 
set M—T is an open subset of M containing P and bounded 
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with respect to M by a subset of the finite point set 7. 
Let Z denote the common part of D,, Hp and M—T. The 
point set Z is a domain with respect to M. Its boundary 
B(Z) is a subset of N+ T+6(U)—-T. But g(U) —T and Z 
are mutually separated. Hence 8(Z) 1s a subset of N+T. 
Therefore it is finite. 

TueoreM 51. J locally compact continuum 1s connected 1m 
kleinen at every point at which it 15 regular. 

Proof. Suppose the locally compact continuum M is regu- 
lar at the point P but not connected im kleinen there. By 
Theorem 46, there exists a compact and perfect subcon- 
tinuum 7 of M containing P such that no point of T is 
separated from P in M by a finite subset of M. Since T is 
uncountable and compact it contains a point X which is not 
contiguous to P. By Theorem 16, there exists an open subset 
D of M containing P and such that X belongs neither to 
D nor to its boundary with respect to M. ‘There exists an 
open subset H of M lying in D and containing P and bounded 
in M by a finite point set V. The point X does not belong 
to H+N. Hence N separates P from X in M. This involves 
a contradiction. 

THEOREM 52. No compact regular curve contains two mu- 
tually exclusive closed point sets H and K and infinitely many 
mutually exclusive continua each containing both a point of H 
and a point of K. 

Proof. Suppose that H and K are two mutually exclusive 
closed subsets of a compact regular curve M and G is an 
infinite collection of mutually exclusive subcontinua of M 
each containing both a point of H and a point of K. There 
exists an infinite sequence of continua gi, go, g3, --+ of the 
collection G converging to some continuum 7’. Since each 
continuum of this sequence contains both a point of H and 
a point of K, so does 7. Hence 7'is non-degenerate. There- 
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fore, by Theorems 33, 4 and 14, T contains two mutually 
separated points 4 and B. That 4 and B are not separated 
from each other in &M by any finite set of points may be 
shown by an argument similar to that employed in a similar 
connection in the proof of Theorem 46. But this is contrary 
to a previously mentioned proposition concerning compact 
regular curves. 

THEOREM 53. No compact regular curve contains uncount- 
ably many mutually exclusive non-degenerate continua. 

Proof. Suppose, on the contrary, that there exist a com- 
pact regular curve M and an uncountable set G of mutually 
exclusive non-degenerate subcontinua of M. It follows from 
Theorem 14 that there exists an uncountable subcollection 
H of G such that every two continua of the collection H are 
mutually separated. It follows that there exist two mutually 
separated closed subsets K and L of M such that there are 
uncountably many continua of the set H that intersect both 
K and L. But this is contrary to Theorem 52. 

With the help of Theorem 33 it may be shown that if a 
compact continuum J contains two closed and mutually 
exclusive point sets H and K and an infinite number of 
mutually exclusive continua each containing both a point of 
H and a point of K then has a continuum of condensation, 
that is to say there is a non-degenerate proper subcontinuum 
T of M such that every point of 7 is a limit point of M—T. 

Derinition. If M is a continuum, a composant of M is 
a point set K such that, for some point P of M, K is the set 
of all points X such that there is a proper subcontinuum 
of M containing both P and X. 

TueoreM 54. If K is a composant of a compact continuum 
M there is not more than one point of M—K which 15 not a 
limit point of K and tf there is one such point P then P 1s 
contiguous to some point of K and furthermore K=M—P. 
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Thus either every point of M—K is a limit point of K or 
no One 15. 

Proof. Suppose there is a point P of M-—K which is not 
a limit point of K. Then clearly K=K. There exists an 
open subset D of M containing P such that D contains no 
point of K. The point set D contains a boundary point X 
of T, the component of M—D that contains K. Since X 
does not belong to the closed point set K, it is not a limit 
point of K. Hence it is contiguous to some point of K. 
Hence K+Y is a continuum. Since Y does not belong to 
K, K+Y cannot be a proper subcontinuum of M. Hence 
Y is identical with P and K=M—P. 

Just as in ordinary point set theory, an indecomposable 
continuum may be defined as a continuum which is not the 
sum of any two proper subcontinua of itself. Such continua 
have been studied by Brouwer, Mazurkiewicz, Yoneyama, 
Knaster, Kuratowski and others. Brouwer established the 
existence of such point sets. 

If M is an indecomposable continuum and K is a com- 
posant of M, every point of M—K is a limit point of K. 
For if P is a point of /—K then, by Theorem 54, if P is 
not a limit point of K then K =M—P and P is contiguous 
to some point X of K. The point set P+X is a non-degen- 
erate proper subcontinuum of M and therefore, since M is 
indecomposable, P+X is a continuum of condensation of M. 
Hence P is a limit point of M—(P+.X) and therefore of K. 

Every numbered theorem of P. S. T. in whose statement 
the term indecomposable occurs continues to hold true here. 

Tueorem A. If M is a compact metric space without con- 
tiguous points and X1, Xo, X3, --+ and Y1, Yo, Y3, «++ are 
sequences of points of M such that Xn is distinct from Yn but 


the distance from Xy to Y, approaches 0 as n increases in- 
1Cf. Theorems 108-113 of Chapter I. 
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definitely then tf the point X 15 called contiguous to the point 
Y if and only if, for some n, X is one of the points X, and Y, 
and Y 15 the other one, then all of the axioms of X, except 
Axiom 2 hold true in the resulting space. 

Proof. It is clear that the truth of Axiom 1 is not af- 
fected by the agreement to call certain points contiguous 
to certain others. Clearly Axioms A and B hold true for 
this interpretation of contiguity. It will be shown that 
Axiom C holds true. Suppose K is a closed subset of M 
and P is a limit point of a point set H of which each point 
is contiguous to some point of K. There exists an ascending 
sequence of natural numbers 7, 12, 73, --- such that either 
a> Xne, Ang, °> > ate distinct points of H such that P is 
a limit point of the set of all points of this sequence and, for 
mech7,0),,.11sa point) ofeK or 1y5°)G, Ying => @ are distinct 
points of H such that P is a limit point of the point set 
ee + Y,,1euand, for eachiz, Xn; 1s’ a, point. of K. 
Suppose the former of these alternatives holds true. There 
exists a subsequence ™, m2, ms, -- - of the sequence 1), 72, 13, 
--+- such that P is the sequential limit point of the sequence 
ty 5) Sones mgs 2 and therefore Lim d(X,,,, P) =o. But 


1-0 


Lim d(Xm» Ym,;)=0. Therefore Lim d(Y,,,, P) =o and there- 
t-00 
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fore, since K is closed, P belongs to K. Thus K contains 
every limit point of H and Axiom C holds true for this in- 
terpretation of contiguity. 

Derinirion. If S is a space in which there are no con- 
tiguous points and certain points of S are defined as being 
contiguous to other points of S in such a way that all of 
the Axioms of 2, except possibly Axiom 2 hold true for this 
interpretation of contiguity then the resulting space is said 
to result from the introduction of contiguity into S. 

TueoreM B. If S is a continuous curve in which no point 
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is contiguous to any other one and Sq 15 a space obtained from 
S by the introduction of contiguity then Sg 1s also a continuous 
curve. 

The truth of this theorem is clear in view of the fact that 
the points of S¢ are the points of S and every point set which 
is connected in the old sense in S is connected in the new 
sense in Sg though there is at least one point set which 1s 
connected in the new sense but not in the old. 

It is not however true that if S is an arc and Sg is a 
space obtained from S by the introduction of contiguity 
then Sg is an arc. Consider the following example. 

Examp te. Let O be the origin of coordinates and let 4 
denote the point (1,0) in a Cartesian space. Let S denote 
the space consisting of the points of the straight line inter- 
val OA. The space S is a simple continuous arc. For each 
n, let T, denote the point set consisting of all points of the 
interval O.4 whose abscissas are of the form m/n where m 
is a positive integer not greater than n. Let S¢ denote the 
space whose points are the points of S but in which two 
points are contiguous to each other if and only if, for some, 
they both belong to 7, and their abscissas differ by 2/n. The 
space Sg is obtained from the arc S by the introduction, 
in a certain manner, of contiguity into the space S but, 
though all of the points of S, except O and J, are cut points 
of S, not only does Sg have no cut points but it has no local 
cut points and indeed no two points of Sg are separated 
from each other in Sg by any finite point set. For suppose 
K is a finite subset of Sg. Let H denote the point set con- 
sisting of the points O and 4 and all the points of K. The 
points of this set may be designated 41, 4, 43, «++, Ay in 
such a manner that if 1>7 the abscissa of 4; is greater than 
that of 4;. There exists a number 7 such that no two points 
of the set H are at a distance apart as little as 2/n and no 
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point of H has an abscissa equal to m/n where m is a 
positive integer. Since, for each 7 less than &, the distance 
from 4; to 4;,; is greater than 2/n therefore there exists, 
in S, a point of 7, between 4; and 4;,;. For each such 7 
let L; denote the rightmost point of T,, between 4; and 4;11 
and let R; denote the point whose abscissa exceeds that of 
L; by 2/n. The point R; is necessarily between 4;,; and 
Aj.9. For each 7 less than k let K; denote the set of all 
points of Sg that belong to the segment 4;4;,, of S. While 
K; is not a segment in the new sense it is, nevertheless, con- 
nected since every point set which is connected in the old 
sense is also connected in the new. If 7 is less than & then, 
since the point L; of the connected point set K; 1s contiguous 
to the point R; of the connected point set K;,:, therefore 
K;+K;.1 is connected in the new sense. It follows that 
K,+K2+---+, is connected. But either this point set or 
the connected set obtained by adding to it one or both of the 
points O and J is identical with Sg— K. Therefore Sg is not 
disconnected by the omission of any finite point set K. 

Theorems 1-54 are consequences of the axioms of the 
set ,. Let 2,’ denote the set consisting of 2, together with 
the following axiom. 

Axiom D. There do not exist three distinct points such 
that each of them is contiguous to each of the others. 

Let us now consider a space satisfying the more restricted 
set of axioms 2’. 

Derinitions. A simple closed curve is a non-degenerate 
compact continuum which is irreducible with respect to the 
property of being the sum of two distinct arcs with common 
endpoints. 

A continuous curve is said to be acyclic if it contains no 
simple closed curve. An acyclic continuous curve is also 
called a dendron. 
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A point P of a continuous curve M is said to be an end- 
point of M if P is an endpoint of every arc lying in M and 
containing P. 

Turorem. In order that a point set should be a simple 
closed curve it is necessary and sufficient that tt should be 
the sum of two distinct arcs having only their endpoints A 
and B in common and such that no point of either of them, 
except A and B is contiguous to any point of the other one ex- 
cept A and B. 

TueoreM. If 4 and B are two distinct points of an acyclic 
continuous curve M there exists only one arc lying in M and 
having A and B as endpoints. 

Indication of proof. By Theorems 38 and 39 there exists 
an arc a lying wholly in M and with endpoints at 4 and B. 
Suppose there exists another arc 6 lying in VM and with 
the same endpoints. One of these arcs contains a point 
not belonging to the other one. Suppose 8 contains a point 
P not belonging to a. There are several cases. 

Case 1. Suppose P is contiguous both to 4 and to B. 
Then, by Axiom D, 4 is not contiguous to B. Let C(P) 
denote the set of all points of M that are contiguous to P. 
By Axiom C, P+C(P)—4 is closed. Hence there is a point 
O which is the first point of P-+C(P)—A in the order from 
A to B on the arc a. Let 4O denote the interval of a whose 
endpoints are 4 and O. The point sets 40 and 4+P+0 
are arcs having only their endpoints in common and no 
point of either of them except 4 and O is contiguous to 
any point of the other one with the same exceptions. Hence 
their sum is a simple closed curve lying in M, contrary to 
the hypothesis that M is acyclic. 

Case 2. Suppose P is contiguous to no point of the arc 
a. Let 7 denote the closed point set consisting of a and 
all points that are contiguous to some point of it. Let 4’ 
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denote the first point in the order from P to 4 that the 
interval PA of B has in common with 7 and let B’ denote 
the first one, in the order from P to B, that PB has in com- 
mon with 7. Let 4’ denote 4’ or a point of a contiguous 
to 4’ according as 4’ does or does not belong to a and let 
B” be defined in a similar manner with respect to B’. Let 
PA’ and PB’ denote intervals of 8 with endpoints as indi- 
cated. Let 4’’B” denote the point 4” or the interval of a 
from 4” to B” according as A” is or is not identical with 
BY”. The point set PA’+ PB’+A’B’ is a simple closed curve. 
Thus in this case also a contradiction is reached. 

The remaining cases may be treated with the use of largely 
similar methods. 

Theorems 26-34 of Chapter II of P. S. T. all hold true 
here though, as may be surmised from the above argument, 
the proofs given there are not in all cases sufficient here. 
This group includes a number of theorems concerning acyclic 
continuous curves. Theorems 43 and 44 of that chapter 
also relate to such curves. The condition of Theorem 43 
is sufficient but not necessary here and that of 44 is necessary 
but not sufficient. 


II 


UPPER SEMI-CONTINUOUS COLLECTIONS 
OF THE SECOND TYPE 


ONSIDER a compact and connected space S satis- 
fying Axioms 0, 1 and 2 and in which there are no 
contiguous points. 

A collection G of continua is said to be an upper semi- 
continuous collection of the first type (type 1) provided it is 
true that (1) the continua of the collection G are mutually 
exclusive and (2) if g is a continuum of the collection G 
and 1, go, g3, --+ 1s a sequence of continua of G and, for 
each n, A, and B, are points of g, and the sequence Ay, 
A», Az, +--+ converges to a point of g, then for every infinite 
subsequence of B,, B:, B3, --- there is an infinite subse- 
quence of that subsequence converging to a point of g. 

A collection G of continua is said to be an upper semi- 
continuous collection of the second type (type 2) provided 
it is true that (1) if g is a continuum of the collection G 
and g1, go, g3, --+ is a sequence of distinct continua of G 
and, for each n, 4, and B, are points of g, and the sequence 
4,1, Ax, A3, +--+ converges to a point of g, then for every 
infinite subsequence of B,, Bo, Bs, --- there is an infinite 
subsequence of that subsequence converging to a point of 
g, (2) no two elements of G have more than one point in 
common, (3) if a point is common to two elements of G 
It is itself an element of G and there exist at least two non- 
degenerate elements of G containing it, (4) if the point P 
is common to two elements of G and g is a non-degenerate 
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element of G containing P then there exists a region R con- 
taining P such that no component of R—P contains both 
a point of g and a point of some other element of G that 
contains P and such that furthermore no point of R belongs 
both to a connected subset of R—P that contains a point 
of g and to a connected subset of R that contains P but no 
other point of g. 

Let G denote some definite upper semi-continuous collection 
of continua of type 2 filling up the space S. 

Derinition. A degenerate continuum of the collection 
G which is a point belonging to some non-degenerate con- 
tinuum of G is called a junction element of G. 

TueorEM 1. No junction element of G is a point of un- 
countably many different continua of the collection G and if 
there exist infinitely many distinct continua £1, go g3, +--+ of 
G all containing the same point g then the sequence of point 
sets £1, Lo £3, °° converges to the point g. 

Proof. Suppose g is a point which is an element of G and 
21, £2) £3) -** 1S a sequence of distinct and non-degenerate 
continua of the collection G all containing g. There exists 
a sequence of points P;, Ps, P3, --- converging to the point 
g and such that, for each n, P, belongs to g,. Hence if 
X,, Xo, X3, --- is another sequence of points such that, for 
2ach n, X, belongs to gy, and m1, m2, 73, --: is an ascending 
sequence of natural numbers then, since G 1s upper semi- 
sontinuous, some subsequence of Xn, Xnyy Xngy +> CON- 
verges to g. It follows that the sequence X1, Xo, X3, - 
converges to g. Let H denote the set of all continua of G 
chat contain g. Since every sequence of continua of the set 
H converges to a point, H is countable. 

THEOREM 2. If g is a non-degenerate element of G there 
lo not exist uncountably many elements of G which are points 


of. 
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Proof. Suppose there is an uncountable set H of ele- 
ments of G such that every element of # is a point of g, 
For each point h of the set H, let ga denote a definite non- 
degenerate continua of the set G which contains h but which 
is distinct from g. Let W denote the collection of all the 
continua g,, for all points h of H. Since W is an uncountable 
collection of non-degenerate point sets there exist a point 
k belonging to H, a sequence hi, ho, hs, --- of distinct points 
of H and a sequence of points Pi, Po, P3, --- such that 
(1) g, is distinct from g, (2) for each 1, P, belongs to ga, 
and (3) the sequence P;, Ps, P3, --- converges to a point 
P belonging to g, but distinct from k. There exists an 
ascending sequence of natural numbers 7, 7, 3, --- such 
that Any, ng hing, «++ converges to some point X. Since the 
points fy, he, hz, --- all belong to g so must X. Therefore, 
since G is upper semi-continuous, some subsequence of 
Pryy Poy Png ++: converges to X. But this is impossible 
since X is distinct from P. 

Derinition. If the element g of G is not a junction ele- 
ment of G then g is said to be the sequential limit element 


of the sequence £1, go, g3, --- of elements of G provided it is 
true that if hy, ho, hs, --- is a convergent subsequence of 
the sequence of point sets gi, g2, g3, --- then (1) the sequence 
of point sets fy, he, h3, --- converges to a subset L of the 


point set g and (2) if Z contains a point of g which is a 
junction element of G then L is that point and, for every 
region R containing L, there exists a number m such that, 
for every n greater than m, h, is a subset of some component 
of R—L that contains some point of g. 

If the element g of G is a junction element of G then g 
is said to be the sequential limit element of the sequence 
£1 £2, £3, «++ of elements of G provided it is true that (1) the 
sequence of point sets g1, go, 3, °° converges to the point g 


EE i 
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and (2) if x is a non-degenerate continuum belonging to 
G and containing the point g there exists a region R contain- 
ing g such that no continuum of the sequence gi, g2 g3) - 
contains a point which lies in a component of R—g that 
contains a point of x. 

A sequence of elements of G is said to converge to the ele- 
ment g if g is the sequential limit element of that sequence. 

Derinition. The element g is said to be a limit element 
of the set H of elements of G if g is the sequential limit 
element of some sequence of distinct elements of H. 

The following theorem may be easily proved. 

TueoreM 3. If H and K are sets of elements of G, every 
limit element of H+K 1s a limit element either of H or of K. 

A subset of G is said to be closed if it contains all of its 
limit elements. 

The set D of elements of G is said to be a domain of ele- 
ments of G if no element of D is a limit element of a set of 
elements of G no one of which belongs to D. In other words, 
D is a domain if no element of D is a limit element of G—D 
that is to say if G—D 1s closed. 

TuHeorEM 4. If H and K are subcollections of G and each 
element of K is a limit element of H then every limit element 
of K 1s a limit element of H. 

Proof. Suppose g is an element of G which 1s a limit ele- 


ment of K. There exists a sequence kj, ko, k3, --- of con- 
tinua of K converging to a subset L of g such that either 
hi, ko, k3, --+ are all junction elements of G or none of them 


is and such that (1) if g is not a junction element of G and 
L contains a point of g which is a junction element of G 
then L is that point and, for every region R containing L, 
there exists a number m such that, for every n greater than 
m, kn is a subset of some component of R—L that contains 
some point of g and (2) if g is a junction element of G then 
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if « is a non-degenerate element of G containing g there 
exists a region W, containing g such that no continuum of. 


the sequence fi, ke, k3, --- contains a point which lies in a 
component of W,--g that contains a point of x. 
For each n, there exists a sequence nt, no, na, +++ of 


continua of H converging to a subset L, of kp such that 
(1) if &, is not a junction element of G and L, contains a 
point of g which is a junction element of G then it is that 
point and for every region R containing L, there exists a 
number sng such that, for every 7 greater than mnpr, Ani iS 
a subset of some component of R—L, that contains some 
point of k, and (2) if ky is a junction element of G and x is 
a non-degenerate element of G containing k, there exists a 
region WV, containing k, such that no continuum of the 
sequence hini, hn2, hn3, -+* contains a point which lies in a 
component of W,,—k, that contains a point of x. 

Case 1. Suppose that neither g nor L is a junction ele- 
ment of G. Then there exists an ascending sequence of num- 
bers 71, J2, 73, --- such that the sequence of continua 
hij) hajoy hajz9 +++ has, as its sequential limiting set, a subset 
of L. The element g of G is the sequential limit element of 
the sequence hy;,, hej, hsjz, -- - of elements of G. 

Case 2. Suppose that L is, but g is not, a junction ele- 
ment of G. There exists a sequence of connected domains 
D,, D2, Ds, --+ closing down on L. There exists an ascend- 
ing sequence of natural numbers 4, 72, 73, --- such that, for 
each n, kj, lies in some connected subset 7, of D,—L that 
contains a point of g. For each n there exists a connected 
domain J, containing k;, and lying wholly in D,—L and 
there exists a natural number 7, such that hjnin IS a subset 
of In. The sequence of continua hj,:15 hjyigy «+ converges to 
the point L, Suppose R is a region containing L, There 
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exists a number 6 such that, for every n greater than 6, D, 
is a subset of R. If n>5, J,+7, is a connected subset of 
R—L containing h;,;, and some point of g. Therefore the 
element g of G is the sequential limit element of the sequence 
of elements hj,51, Ajgigs Rigi. 

Case 3. Suppose that g is a junction element of G and 
that there exists a number g such that if n>q, kn does not 
contain g. Let x, x2, x3, --- denote the non-degenerate ele- 
ments of G that contain g. There exist an infinite sequence 
Ji» J Js *** of natural numbers all greater than g and a 
sequence D,, Ds, D3, --- of domains closing down on the 
point g such that (1) for each n, k;, is a subset of D, and of 
S—Dni1, (2) no matter what natural number n may be, no 
continuum of the sequence &;,, jg, kj3, +++ lies in a compo- 
nent of D,—g that contains a point of x,. For each n there 
exists a connected domain /, containing k;, and lying wholly 
in D,-(S—Dn41) and there exists a number 7, such that 
hjnin 18 a subset of J,. No continuum of the sequence 
hjyi19 Ajgigs +++ Contains a point of a component of D, —g that 
contains a point of x,. For if /;,,:,, contained a point of a 
connected subset 7,, of D,—g containing a point of x, then 
m would necessarily be equal to or greater than n and 
Im+Tm would be a connected subset of D,—g containing 
k;,, and a point of x,. It follows that the element g of G 
is the sequential limit element of the sequence /;,:1, hjoiey 

Hence g is a limit element of H. 

Case 4. Suppose that g is a junction element of G and 

that there exists an infinite sequence of natural numbers 


Ji» J» 73) -** Such that, for each n, k;, is a non-degenerate 
continuum containing g. There exist an infinite subsequence 
11, 12) 13, --- of the sequence 1, 72, 73, --- and a sequence of 


domains D,, D2, D3, --- closing down on g such that, for 
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each n, k;,,, is a subset of Dn and there is no component of 
D,—g containing both a point of k,, and a point of some 
other continuum of G that contains the point g. 

Suppose first that L;, is identical with g. Then there ex- 
ists a number ¢, such that h;,,,, lies in some component of 
D, —g that contains a point of k;,. 

Suppose secondly that L,, is not identical with g. Let P, 
denote some point of L;, distinct from g. If n>1 there 
exists a connected domain U, lying in D,-; and containing 
P,, but no point of any continuum of the sequence %1,%2,%3, + + 
except k;,. There exists a number ft, such that A lies in 
D,,-: and intersects U,. 

Therefore, whether or not L;, is identical with g, the con- 
tinuum h 


intn 


int, lies in a component of D,_1—g that contains 
a point of k;,. It follows that if m is any natural number 
there exists a number 6,, such that if »>6,, then hj,:, 1s 
not a subset of any component of D5,,—g that contains a 
point of x,. Hence g is the sequential limit element of 
the sequence h;,4,, ists, +--+ . 

The following theorem may be easily established. 

TueoreM 5. If the sequence Hy, Ho, H3, «++ of elements of 
G converges to the element L of G and, for each n, Ky 1s an 
element of G such that either Hy is a point of the continuum 
K, or Ky 1s a point of the continuum Hy, then the sequence 
Ki, Ko, K3, +--+ converges to L. 

THEOREM 6. In order that the element g of G should be a 
limit element of the subcollection H of G it is necessary and 
sufficient that every domain of elements of G that contains g 
should contain an element of H distinct from g. 

Proof. This condition is clearly necessary. It will be 
shown that it is sufficient. Suppose g is not a limit element 
of H. Let K denote the set consisting of all limit elements 
of H together with all elements of H distinct from g. Let R 
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denote the set G—K. No element of R is a limit element 
of G—R. For if an element x of R were a limit element of 
G—R, that is to say of K then, by Theorems 3 and 4, x 
would be a limit element of H. Therefore R is a domain of 
elements of G. But R contains g but no element of H 
distinct from g. 

The subcollections H and K of G are said to be mutually 
separated if no continuum of either of them is a subset of 
a continuum of the other one and neither of them contains 
a limit element of the other one. 

A subcollection of G is said to be connected if it is not the 
sum of two mutually separated collections. 

EXAMPLES. Suppose that the straight line intervals 4B 
and BC have only the point B in common and that 4B 
and BC are both continua of the collection G. Then the 
point B is also an element of G. The point sets 4B and BC 
are connected and have a point B in common and there- 
fore the point set 4B+ BC is connected. But neither of the 
point sets 4B and BC is a subset of the other one and neither 
of the elements 4B and BC of G’ is a limit element of the 
other one. Therefore the set of elements of G consisting of 
AB and BC is not connected. The point set 4B+BC is 
identical with the point set 4B+B+BC. But the set whose 
elements are AB and BC is quite different from the set whose 
elements are the three continua 4B, B and BC. Indeed the 
latter set is a connected set of elements of G. For if it is 
the sum of two sets, one of them (call it H) contains B. 
The other one, K, contains at least one of the continua 
AB and BC. But B is a subset of each of these continua. 
Hence H and K are not mutually separated. 

If, in this example, 4B, B and BC are the only elements 


1No element of G is a limit element of a single element of G or of any finite set 
of elements of G. 
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of G then the point B is a domain of elements of G and so 
is AB, as well as BC. For no one of these elements is a limit © 
element of any set of elements of G. But in the space S 
whose elements are the points of the continuum AB+B+ BC, 
the point B is not a domain nor is 4B, BC or any other 
continuum except the whole of S. 

In the theory of upper semi-continuous collections of 
type 1, in order that the element g of G should be a limit 
element of the subcollection H of G it is necessary and sufh- 
cient that the point set g should contain a limit point of 
the point set H*—g. This condition is neither necessary 
nor sufficient here. To see that it is not sufficient consider 
again the collection whose elements are 4B, B and BC. 
Here the point B is a limit point of the point set BC—B but 
the element B is not a limit element of the element BC. 
To see that it is not necessary consider the following 
example. 

In a Cartesian plane let O denote the origin of coordinates 
and let 4 denote the point (1,0). There exists a sequence 
P,, P2, P3, --- whose terms are the points between O and 
A whose abscissas are rational numbers. For each 1, let 
A, denote a point with the same abscissa as P, but with 
an ordinate equal to 1/n, let B, denote a point whose ab- 
scissa is that of P, but whose ordinate is —1/n and let 
P,A, and P,B, denote straight line intervals with endpoints 
as indicated. Let S’ denote the dendron obtained by adding 
together the straight line interval OA, all the intervals 
PA,, P2d2, P3d3, --- and all the intervals P,B,, Pi Bs, 
P\B3, ---. Let G’ denote the collection whose elements 
are OA, the intervals of the sequences P; Aj, PAs, P3A3, °° 
and P,B;, Pi Bs, P\Bs, --- and the points of the sequence 
Pr, Ps, P3, +++. The collection G’ is an upper semi-con- 
tinuous collection of type 2 filling up the space S’. Let g 
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denote the interval O4 and let H denote the set whose 
elements are the points of the sequence P}, Po, Ps, - 
The element g is a limit element of the set H of elements of 
G’. But it is not true that some point of g is a limit point 
of the point set H*—g. Indeed there is no such point set 
since H* is a subset of g. 

In the theory of upper semi-continuous collections of type 
1, if H is a subcollection of G then in order that H should 
be closed it is necessary and sufficient that H* should be 
closed. Here this condition fails as to sufficiency but not 
as to necessity. In the space S’ of the last example, there 
exists an infinite ascending sequence of distinct natural 
numbers 71, 12, 13, --- such that the sequence of points 
> Pay Pa > Comverges to the point P;. Let H denote 
the set whose elements are P,4, and the intervals of the 
BERVLCNCON a Ani, nein E aginge oe ee He: pointy seth “1s 
closed but the set H of elements of G is not closed since O4 
is a limit element of H which does not belong to it. Hence 
the condition in question is not sufficient. 

Again, let H denote the subcollection of G’ whose elements 
are the intervals of the sequence P,B;, Pi B2, P:B3, ---. The 
point set H* is closed but the point P; is a limit element 
of H which does not belong to it. 

The following theorem holds true. 

Tueorem 7. If T ts a closed point set and H 1s the set of 
all elements of G that contain one or more points of T then H* 
1s closed. 

If the upper semi-continuous collection G is of type 1 
and H is a subcollection of G then in order that H should 
be connected it is necessary and sufficient that H* should 
be. But if, in the last example, H denotes the collection 
whose elements are the intervals O4 and P,4,, H* is con- 
nected but 7 is not. So this condition is not sufficient here. 
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It is however easily seen to be necessary. Furthermore the 


following theorem holds true. 

TuroreM 8. If T is a connected point set and H 1s the 
set of all continua of the collection G that contain one or more 
points of T then H is a connected set of elements of G. 

Proof. Suppose, on the contrary, that H is the sum of 
two mutually separated sets H, and Hz. Suppose the point 
sets 7- Ht and T-H3 have a point P in common. The 
point P belongs to a continuum /; of Hy and a continuum 
hy. of Hy. Since H, and Hy, are mutually separated, h; and 
hy are distinct and non-degenerate. Hence P is an element 
of G. It belongs to one of the sets H, and Hy and it is a 
subset both of the continuum /, of H, and of the continuum 
hz, of Hz. This involves a contradiction. It follows that 
T.-H; and T-H* are mutually exclusive. Therefore a 
continuum of the set H belongs to H; (1=1, 2) if, and only 
if, it has a point in common with T7'- He 

Suppose now that one of the sets 7’- H¥ and 7'- H3 con- 
tains a point X which is a limit point of the other one. Sup- 
pose 7'- Hj does. If X does not belong to G it is a point 
of a continuum gy of G and gy is a limit element of Ao, 
contrary to the supposition that H, and Hy are mutually 
separated. If X does belong to G then it belongs to H, and 
if C, denotes the set of all non-degenerate continua of G 
that contain X then C, is a subset of H;. Either X or some 
element of the set C, is a limit element of the set Hy. Thus 
the supposition that Theorem 8 is false leads to a contra- 
diction. 

If the collection G is of type 1 and D is a domain contain- 
ing the element g of G there exists a domain W containing 
g and such that every point set of the collection G that 
contains a point of W is a subset of D. But if D denotes the 
set of all points of the dendron S’ whose ordinates are nu- 
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merically less than 1/10, D is a domain containing the con- 
tinuum OA and no matter what point set W may be con- 
caining OA, regardless of whether it is a domain, the con- 
finua P,4,, P2d2, P3A43, ---, PiAw and P,Bi, PiB., Pi Bs, 
--+, Pi By all belong to G and contain points of W but 
10 one of them is a subset of D. However, the following 
proposition holds true. 

| Tueorem 9. If D is a domain containing the element g 
of the collection G there exists a domain W containing g such 
that if there are any continua of the collection G which contain 
points of W but which are not subsets of D then there are only 
a finite number of such continua and each of them contains a 
point of g which 1s a junction element of G. 

Proof. There exists a sequence of domains D,, Ds, D3, - 
closing down on the point set g. Suppose that, for each n, 
D,, contains a point P, of S—g belonging to some continuum 
g, of G which is not a subset of D. There exists a sequence 
of distinct natural numbers 7, 72, 13, --- such that the se- 
quence of points P,,,, Png, Png, --* converges to some point 
P. For each 1, gn, contains a point X,, of S—D. The point 
P necessarily belongs to g. Since G is upper semi-continuous 
it follows that there exists a subsequence m1, mo, m3, - 
of the sequence 7, m2, m3, --- such that Xn4, Xmgy Xmgy °° 
converges to a point of g. But this is impossible since g 1s 
a subset of the domain D and no point of this sequence 
belongs to D. Hence there exists a number m such that 
every continuum of G which contains a point of D,—g 1s 
a subset of D. 

Suppose now there exist infinitely many distinct continua 
hy, ho, hz, --+ of the set G such that, for each n, h, contains 
both a point B, of g and a point C, not belonging to D. 
There exists an infinite sequence of distinct natural num- 
bers 71, %2, m3, --: such that the sequence B,,, Bn, Bug, --- 
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converges to some point B. The point B necessarily belongs : 
to g. Hence there exists an infinite subsequence 11, mz, 
m3, --+ of the sequence 11, N2, M3, *°- such that Cy,, Cry 
Cn) ° + converges to some point of g. But this is impossible. 

TueoreM 10. Jf D is a domain containing at least one: 
continuum of the collection G then the collection of all continua 
of G that lie wholly in D is a domain of elements of G. 

Proof. Suppose g is an element of R, the set of all con- 
tinua of G that lie in D. By Theorem 9 there exists a do- 
main W containing g such that (1) D contains every point 
set of the collection G that contains a point of W but no 
point of g, (2) of the point sets of the collection G that 
intersect g all but a finite number are subsets of D. Suppose 
g is a limit element of a subcollection H of G. Then there 
are infinitely many elements of H each containing a point 
of W. Hence there are infinitely many of them lying wholly 
in D and therefore belonging to R. Hence R is a domain 
of elements of G. 

Derinition. The sequence D,, Do, D3, --- of domains of 
elements of G is said to close down on the set K of elements 
of G if (1) K is the set of all elements of G which belong to 
every domain of this sequence, (2) for each n, Dy41 is a sub- 
set of D, and (3) for every domain R of elements of G such 
that K is a subcollection of R there exists a number 7 such 
that D, is a subcollection of R. 

Tuerorem 11. Jf g is an element of G which neither is a 
junction element of G nor contains one and Hi, He, ieee 
1s a sequence of domains (of points) closing down on the point 
set g and D,, Do, D3, -+- 15 a sequence of domains of elements of 
G such that, for each n, Dy, contains g and D; is a subset of Hy, 
then the sequence Dy, Do, D3, --- closes down on the element g. 

Tueorem 12. If D is a domain of elements of G and H 
1s a domain of points and g is an element of G belonging to 


Semi-Continuous Collections 55 


) and lying in H then there exists a connected domain Q of 
lements of G such that g belongs to Q, Q is a subset of D and 
* ts a subset of H. 
_ Proof. There are two cases to be considered. 
Case 1. Suppose g is not a junction element of G. Let 
77 denote the set of all junction elements of G which are 
jot elements of D but which are points of g. The set C, 
s finite. If P is a point of g not belonging to C, there exists 
_domain W> (of points) lying in H and containing P such 
hat every element of G that contains a point of Wp be- 
ongs to D. If P is a point of C, there exists a domain Tp 
of points) containing P and lying in A such that if x is 
ny continuum of the collection G that contains a point 
ying in a component of 7p—P that contains a point of g 
hen x belongs to D. There exists a domain Np (of points) 
ontaining P such that Np is a subset of 7p. Let Qp denote 
he set of all points y of Np such that y belongs to a com- 
onent of Np—P that contains a point of g. The point 
et Op is a domain. With the help of the Borel-Lebesgue 
Theorem and the fact that P+g- Qp is identical with g- Vp 
t may be seen that there exists a finite set Z of domains cov- 
ring g—C, such that if z is any domain of the collection 
_ there exists a point P of g such that z is identical with 
Jp or with Wp according as P is or is not a point of the set 
‘,, Let @ denote the set of all elements x of G such that 
- and g belong to a connected set of elements of G—C, 
ll, except g, lying in Z*. It may be shown that @Q 1s a con- 
ected domain of elements of G and that Q is a subset of D. 
Case 2. Suppose g is a junction element of G. Let C, 
enote the set of all non-degenerate elements of G, if there 
re any, which are not elements of D but which contain the 
oint g. The set C, is finite. There exists a domain VW, 
ontaining g such that no point of W, lies both in a con- 
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nected subset of W,—g that contains a point of C* and in) 
a connected subset of W,—W,- Cr-+g that contains g.. 
There exists a domain W, lying in W, and containing g; 
such that if x is any element of the set G which contains a | 
point of the component of W,—W,- C*+¢ that contains | 
g then x belongs to D. There exists a domain W; contain- | 
ing g and lying in H such that W; is a subset of W2. Let : 
Q denote the set of all elements x of G such that x and g: 
belong to a connected set of elements of G all lying in WV | 
and containing no point of C7 other than the point g. It 
may be seen that Q is a connected domain of elements of 
G and that Q is a subset of D. 

TueoreM 13. If the elements of G are called “points” and 
every domain of elements of G is called a “region” and the 
“point” x is said to be contiguous to the “point” y if and only 
if either x 1s an ordinary point of the continuum y or y 15 an 
ordinary point of the continuum x, the axioms of 2,’ all hold 
true for this interpretation of point, region and contiguity. 

With the help of the preceding theorems it is easy to see 
that all of the axioms of Z,’ except Axiom 1 hold true for 
this interpretation. It will be shown that Axiom 1 also holds. 

Proof. Let T denote the set of all continua g such that g is 
either a junction element of G or a non-degenerate continu- 
um of G that contains one. It may be shown that the set T is 
countable. Hence there exists a sequence gi, g2, gs, - - - whose 
terms are the continua of 7. By Theorem 81 of Chapter I of 
P.S. T., there exists a sequence Z;, Z2, Zs, --- such that (1) 
for each n, Z, is a subcollection of G, covering S and Z,41 is 
a subcollection of Z,, (2) if H and K are two mutually ex- 
clusive closed point sets there exists a number m such that if 
x and y are intersecting regions of Z,, and x intersects H then 
y contains no point of K. For each natural number 1, let 
Q, denote the set of all domains D of elements of G such that 
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1) for some finite subcollection H of Z, that properly covers 
jome continuum of the set G, D* is a subset of H*, (2) D con- 
ains no element of the sequence g:, go, gs, --- of subscript 
ess than n. 
| With the help of Theorem 12 it may be shown that there 
*xists a sequence f:, Bo, 83, --- such that (1) for each m, Bn 
s a sequence Dm, Dmo, Dims, -- + of domains of elements of G 
shat closes down on gn, (2) the domain D,,, contains no ele- 
nent of the sequence gi, g2,'g3, --+ distinct from g» and of 
ubscript less than n, (3) there exists a finite subcollection 
I mn of Z, properly covering g,, and such that D* ny is a sub- 
let of H* mn. 
| For each n, let G’, denote the set whose elements are the 
lomains of the set Q, and those of the sequence Diy, Don, 
Dans --+. Itis clear that the sequence Gj, G), G3, - - - satisfies, 
vith respect to “point” and “region,” all the conditions 
equired of Gi, Ge, G3, --- under (1) and (2) in the statement 
of Axiom 1. It will be shown that it also satisfies those re- 
uired under (3). Suppose R is any domain whatsoever 
ith respect to G, x is an element of R and y is an element 
of R either identical with x or not. There exists a connected 
omain D with respect to G containing x and such that D 
s a subset of R—y+x. If H is any domain of ordinary 
oints containing the point set x there exists a number 6 
uch that if »>6 then the point set H contains the point 
et obtained by adding together all the regions (in the 
yriginal sense) of the set G, that contain points of x. It 
ollows, with the help of Theorem 11, that if D is any do- 
nain of elements of the set G containing the element x then 
here exists a number 3, such that if n >6, and Q is a domain 
f the set GZ that contains x then Q is a subset of D. 
Thus all of the conditions of Axiom 1, except (4), are satis- 
ied here. But space is compact. Hence (4), also, is fulfilled. 


III 
ON THE STRUCTURE OF CONTINUA 


ET us suppose that space is metric. The non-degenerate: 

proper subcontinuum K of the continuum MM is called 

a continuum of condensation of M if every point of K is: 
a limit point of M—K. 

The following definition is given on page 355 of P. S. T. 

Derinition. A subcontinuum K of a compact con- 
tinuum JW is said to be an essential continuum of conden- 
sation of type 1 if there exists a non-degenerate subcon- 
tinuum 7 of K such that if G is an upper semi-continuous 
collection of mutually exclusive continua filling up M and 
G is, with respect to its elements, a continuum with no 
continuum of condensation then some continuum of G con- 
tains 7. 

In the present treatment an essential continuum of con- 
densation of type 1 will be called merely an essential con- 
tinuum of condensation. 

This terminology is in some respects unfortunate. For 
an essential continuum of condensation of a continuum M 
is not necessarily a continuum of condensation of M. Let 
K denote an indecomposable continuum, let 4B denote an 
arc having only the point B in common with K and let M 
denote K+ 4B. The continuum XK is an essential continuum 
of condensation of M. For suppose G is an upper semi- 
continuous collection of mutually exclusive continua filling 
up M and such that G is, with respect to its elements, a 
continuum with no continuum of condensation. Since every 
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ontinuum with no continuum of condensation is a regular 
urve therefore G is a regular curve with respect to its ele- 
aents. Let H denote the collection of all the elements of G 
hat have one or more points in common with K. Let hz 
enote the element of H that contains the point B. Let hz 
enote the common part of K and hg. Let H’ denote the 
ollection whose elements are the continuum hj and the 
ontinua of the collection H that lie wholly in K. Since 
very non-degenerate subcontinuum of a regular curve is 
‘self a regular curve therefore H is a regular curve with 
espect to its elements. But clearly H’ is isomorphic with 
I and no regular curve is an indecomposable continuum. 
*herefore if H is non-degenerate there exist two proper sub- 
llections U and V of the collection H’ such that every 
ement of H’ belongs either to U or to V and such that 
and V are continua with respect to their elements. The 
oint set U* obtained by adding together all the point sets 
f the collection U is a continuum (of points) and so is the 
et V* obtained in the same manner from the collection /. 
but K =U*+/* and U* and /* are proper subsets of K. 
his is impossible since K is indecomposable. 

Thus the supposition that H is non-degenerate has led 
a contradiction. Therefore, for every G, K is a subset 
some one element of G. Hence, by definition, K is an 
sential continuum of condensation of WM. But no point 
K except B is a limit point of 4B—B. Therefore K is 
ot a continuum of condensation of M. 

However, the following theorem holds true. 

TueoreM 1. If K is an essential continuum of condensa- 
ion of the compact continuum M then K contains a con- 
nuum of condensation of M. 

Proof. Suppose M is a compact continuum containing a 
ntinuum K which contains a non-degenerate continuum 
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T such that if G is an upper semi-continuous collection of 
mutually exclusive continua filling up M and, with respect 
to its elements, G is a continuum with no continuum of 
condensation then some continuum of the collection G con- 
tains 7. Suppose some subcontinuum L of 7 contains no 
continuum of condensation of M. Then L contains no 
continuum of condensation of itself. Hence ZL is a con- 
tinuous curve. Let 4B denote an arc lying in L. Since 4B 
is not a continuum of condensation of M there exists an 
interval XY of 4B such that no point of XY except its 
endpoints is a limit point of M—XY. If Z is either X or 
Y let Mz denote the component of M—(X Y—X-—Y) that 
contains Z. Let G denote the upper semi-continuous col- 
lection whose elements are the points of the segment XY 
and either the continuum yx or the continua My and My 
according as My is or is not identical with My. The col- 
lection G is, with respect to its elements, either an arc or a 
simple closed curve and, therefore, a continuum with no 
continuum of condensation. But TJ is not a subset of any 
element of G. Thus the supposition that not every sub- 
continuum of 7 contains a continuum of condensation of M 
leads to a contradiction. 

It is not true, however, that if M is a compact contin- 
uum and 7 is a subcontinuum of M such that every non- 
degenerate subcontinuum of JT contains a continuum of 
condensation of M then T is an essential continuum of 
condensation of M. Consider, for example, the continuum 
M consisting of a square together with its interior. Every 
non-degenerate subcontinuum of M contains a continuum 
of condensation of M but M has no essential continuum of 
condensation. As a second example consider a dendron M 
which is the sum of a straight line interval 7 and a count- 
able number of mutually exclusive straight line intervals 
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A\B,, ABs, A3B3, +--+ such that (1) for each n, 4,B, has 
only the point B, in common with 7, (2) the length of 
A,B, approaches 0) as n increases indefinitely and (3) every 
segment of 7 contains points of the sequence Bi, Bo, B3, ---. 
Here not only is it true that every non-degenerate sub- 
continuum of J contains a continuum of condensation of VM 
but every one 7s a continuum of condensation of M. Never- 
theless neither 7 nor any other subcontinuum of J is an 
essential continuum of condensation of VM. 
_ To see that there exists a regular curve with an essential 
continuum of condensation, consider the following example. 
| ExamPLe. Let AB denote a straight line interval of 
length 1. For each positive integer n, divide the interval 
AB into 2” equal subintervals each of length 1/2” and let 
n denote this set of subintervals of 4B. Let Q denote the 
infinite set whose elements are the intervals of all the sets 
1, Qo, O3, ---. For each interval of the set Q construct a 
emi-circle whose endpoints are the extremities of that in- 
erval. Let W denote the set of all such semi-circles. Let 
M denote the point set which is the sum of 4B and all the 
emi-circles of the set W. Let T denote the interval 4B. 
If G.is an upper semi-continuous collection of mutually ex- 
lusive continua filling up 1 and such that, with respect to 
its elements, G is a continuum with no continuum of con- 
ensation then some continuum of the collection G contains 
T. For suppose G is such a collection for which this is not 
true. Let H denote the set of all continua of G that inter- 
ect 4B. Let g,; denote the continuum of the set H that 
= P,, the mid-point of 4B. Let J; denote the semi- 
circle of the set W whose endpoints are P,; and B, let J» 
denote the one whose endpoints are P; and P2, the mid- 
point of P,B, and let J3 denote the one whose endpoints 
are P, and B. Suppose /; is not a subset of g;. Then there 
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are uncountably many continua of the set G each contain- 
ing a point of J;. Let K denote the set of all such continua. 
The continuum / does not contain uncountably many mu- 
tually exclusive non-degenerate continua. Hence only a 
countable number of continua of K belong to H. But K 
is a continuum of elements of G. Hence, in the space whose 
elements are the continua of the collection G, the element 
g: is a limit element of the set of elements K—H. There- 
fore if g; is not a limit element of the set of elements G—H 
then g; contains J; and, similarly J, and therefore /3 and 
so on and consequently 4B. Similarly if there is a single 
point P of M, lying on 4B and on some semi-circle of the 
set W, such that the continuum gp of H that contains P 
is not a limit element of G—H, then gp contains 4B. If, 
on the other hand, for every such point P, gp is a limit ele- 
ment of G—H then H is a continuum of condensation of 
the set G of elements. It follows that some element of G 
contains 4B. Hence 4B is an essential continuum of con- 
densation of M. 

By the diameter of a closed and compact point set M is 
meant the smallest number d such that no two points of M@ 
are at a distance apart more than d. 

A collection of continua is said to be a contracting col- 
lection provided it is true that if ¢ is any positive number 
whatsoever then there are not more than a finite number 
of continua of G which are not of diameter less than e. 

Consider (1) the collection of all point sets which are 
either arcs or points, (2) the collection of all point sets 
which are either simple closed curves or points, (3) the col- 
lection of all dendrons, (4) the collection of all regular 
curves and (5) the collection of all continuous curves. If 
Q is any one of these five collections and G is an upper 
semi-continuous collection of mutually exclusive continua 
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filling up a continuum of the collection Q then, with respect 
|to its elements, G is also a continuum of the collection Q. 

THEOREM 2. Every collection of mutually exclusive sub- 
jcontinua of a regular curve is upper semi-continuous. 

_ This theorem follows from the fact that every collection 
of mutually exclusive subcontinua of a regular curve is con- 
‘tracting and every contracting collection of mutually ex- 
clusive compact continua is upper semi-continuous. 

| Two closed point sets are said to be topologically equiva- 
ent if there exists a one to one correspondence between them 
preserving limit points. A collection G of continua is said 
ito be a topological collection provided it is true that every 
continuum which is topologically equivalent to an element 
of G is itself an element of G. 

Derinition. If M is a continuum and Q is a topological 
collection of continua then the subcontinuum K of M is 
said to be a Q-atomic subset of M provided there exists an 
upper semi-continuous collection G of mutually exclusive 
continua filling up / such that, with respect to its elements, 
G belongs to Q and such that (1) K is an element of G and 
(2) if H is any other collection of mutually exclusive continua 
filling up M such that H is, with respect to its elements, a 
continuum of the collection Q then every continuum of the 
collection G is a subset of some continuum of the collection 
i or, in other words, each continuum of # is either an ele- 
ment of G or the sum of two or more elements of G. 

DerFinition. By a dendratomic subset of a continuum 
is meant a Q-atomic subset of / where Q is the collection 
of all dendrons. 

DerIniTIon. The compact continuum J is said to be 
webless provided it is true that if G; and G2 are two upper 
semi-continuous collections of mutually exclusive continua 
filling up a subcontinuum of MM and such that each of them 
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is an acyclic continuous curve with respect to its elements, 
then there does not exist an uncountable subcollection H 
of G, such that no continuum of H is a subset of any con- 
tinuum of Go. 

It is shown in P. S. T. that every compact and webless 
continuum has dendratonic subsets. 

Turorem 3. If G ts a collection of mutually exclusive sub- 
continua of a compact and webless continuous curve and, for 
each continuum g of G, there exists an upper semt1-continuous 
collection H of mutually exclusive continua filling up M such 
that H 1s an acyclic continuous curve with respect to its ele- 
ments and such that g is an element of H then there exists an 
upper semi-continuous collection W of mutually exclusive con- 
tinua filling up M such that W 1s an acyclic continuous curve 
with respect to its elements and every element of G 15 an ele- 
ment of W. 

Proof. Every element of G is the sum of the dendratomic 
subsets of M that intersect it and if the dendratomic subsets 
of M are regarded as points the set of “‘points”’ so obtained 
is an acyclic continuous curve 7 and every element of G is, 
with respect to these “‘points,”’ a subcontinuum of this acyclic 
continuous curve and hence, by Theorem 2, if U denotes the 
collection of all these “subcontinua” of 7 and all the 
“points” (dendratomic subsets of M) of T which belong to 
no one of these subcontinua then U is an upper semi- 
continuous collection which is a dendron with respect to its 
elements. Let W denote the set of all continua x in the 
original sense such that, for some element y of U, x is the 
sum of all the dendratomic subsets of M which are subsets 
of y. 

This theorem does not remain true if the stipulation that 
M be webless is omitted. Let Z denote a square whose ver- 
tices are (0, 0), (0, 1), (1, 1) and (1, 0). Let M denote the 
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square LZ together with its interior. Each point of M is an 
element of some upper semi-continuous collection H of mu- 
tually exclusive continua filling up M such that H is an arc 
with respect to its elements. But the collection of all points 
of M is not a dendron. Again, let G denote the set of all 
‘intervals g such that the endpoints of g are either (x, 0) and 
| (x, 1) where x is an irrational number, or (x, 0) and (x, 1/2) 
where x is a rational number, between 0 and 1. Each interval 
of the set G is an element of some upper semi-continuous col- 
: lection H filling up M such that A is an arc with respect to its 
elements. But in this case G is not upper semi-continuous. 
_ The following theorem may be established. 

TuHeoreM 4. If Q ts the collection of all arcs and all points 
‘then in order that the compact continuum M should have 
Q-atomic subsets it 1s necessary and sufficient that M should 
be a webless continuum which 1s an arc with respect to its 
dendratomic subsets. 

Thus if Q is the collection of all arcs and points then no 
dendron which is not an arc has Q-atomic subsets. 

THEOREM 5. Suppose Q is a topological collection of con- 
tinua such that every compact and webless continuum has 
Q-atomic subsets. If all arcs and simple closed curves belong 
to Q then so does every compact continuum with no essential 
continuum of condensation. 

Proof. Suppose M is a non-degenerate compact continuum 
with no essential continuum of condensation. Suppose K is 
a non-degenerate subcontinuum of M. Since K is a regular 
curve, it contains an arc 4B. Since AB is not an essential 
continuum of condensation of M there exists an upper semi- 
continuous collection G of mutually exclusive continua filling 
up M and such that (1) G is, with respect to its elements, 
a continuum with no continuum of condensation, (2) the arc 
AB is not a subset of any element of G. Let W denote the 
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collection of all elements of G that contain one or more 


points of 4B. The collection W is itself a regular curve of 


elements of G and it has no continuum of condensation. Let 
x and y denote two distinct elements of W. There exists an 
arc t of elements of W from x to y. Since the arc ¢ of ele- 
ments of G is not a continuum of condensation of G there 
exist two elements a and @ of ¢ such that if g denotes the 
segment of ¢ with a and £ as endelements then no element 
of q is a limit element of G—g. Let C, denote the compo- 
nent of G—gq that contains a and let Cg, denote the one that 
contains 8. If C, and Cy are distinct let H denote the collec- 
tion whose elements are C,, Cg and the elements of g. If C, 
is identical with C, let H denote the collection whose ele- 
ments are C, and the elements of g. In either case, the col- 
lection H is upper semi-continuous. In the first case it is an 
arc, and in the second case a simple closed curve, with re- 
spect to its elements. In either case the collection H is, with 
respect to its elements, a continuum of the collection Q. But 
there are uncountably many continua in the collection H 
and each of them contains at least one point of the arc 4B. 
Hence 4B is not a subset of any continuum of this collec- 
tion. It follows that if K is non-degenerate it is not a 
Q-atomic subset of M. 

In other words if a continuum M with no essential con- 
tinuum of condensation has Q-atomic subsets then every 
Q-atomic subset of M is a point of M. But the set of all the 
Q-atomic subsets of a continuum belongs to the collection Q. 
Hence M itself belongs to Q. But M is a compact and 
webless continuum. | 

THEOREM 6. Suppose Q is a topological collection of con- 
tinua such that every compact and webless continuum has 


Q-atomic subsets. If all regular curves belong to Q so do all 
compact and webless continua. 
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Proof. Suppose M is a compact and webless continuum. 
If P is any point of / there exists! an upper semi-continuous 
collection G of mutually exclusive continua filling up M such 
that G is a regular curve with respect to its elements and 
such that the point P is an element of G. Hence every 
point of M is a Q-atomic subset of M. Therefore M belongs 
to the collection Q. 

The following result has now been established. 

The collection of all dendrons is a topological collection Q 
such that every compact and webless continuum has 
Q-atomic subsets. But if Q is a topological collection includ- 
ing the class of all dendrons and also including simple closed 
curves then in order that every compact and webless con- 
tinuum should have Q-atomic subsets it is necessary that Q 
should include the set of all regular curves with no essential 
continuum of condensation and that it should not include 
the collection of all regular curves except for the trivial 
case where it is the entire collection of all compact and web- 
less continua. 

DerFiniTion. The continuum J is said to have property 
NV if for every positive number ¢ there exists a finite set G 
of mutually exclusive non-degenerate subcontinua of VM such 
that every subcontinuum of M of diameter greater than e 
contains some continuum of the set G. 

THEOREM 7. Suppose the arc AB is a subset of the regular 
curve M and every segment of AB contains a point which is an 
endpoint of an arc in M which has only its endpoints in com- 
mon with AB. Then every segment of AB contains two points 
which are the extremities of an arc lying, except for its end- 
points,in M—AB and tf s is a segment of AB and K 1s a closed 
subset of M—s there exists an arc having no point in common 


1Cf. J. H. Roberts, “Concerning non-dense plane continua,” Trans. dm. Math. 
Soc., XXXII (1929), p. 30, and P. S. T., p. 446. 
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with K and having in common with AB only tts endpoints, 
which lie in s. 

Proof. Suppose X and Y are two points lying on 4B in 
the order AXYB. There exist two points C and D and a 
sequence of points Xy, Xo, X3, X4, - +> lying on 4B in the 
order AXGX 1XoX, Xs ©) DVB & For cachen,; therevess am 
between X, and Xy41, a point P, which is an endpoint of an 
arc Z,P» lying in M and having only Z, and P, in common 
with 4B. If any two arcs of the sequence P1Z;, P2Z2, P3Z3, «++ 
have a point other than an endpoint in common, their sum 
contains an arc with endpoints between X and Y and lying, 
except for its endpoints, in M—AB. If no two of them have 
in common any point other than one of their endpoints and 
no one of them has both endpoints between X and Y then 
each of them has one endpoint between C and D and the 
other one in the closed point set which is the sum of the 
intervals 4X and YB of the arc 4B. Thus, in this case, 
there exist infinitely many arcs P,Z,, P2Z2, P3Z3, --- each 
having one endpoint in one and the other endpoint in the 
other of the two mutually exclusive closed point sets CD 
and 4X+YB, no two of these arcs having any point in 
common other than a common endpoint. But this is impos- 
sible since M is a regular curve. 

Suppose now that X and Y are two points of the segment s. 
Suppose every arc which lies in VM and has in common with 
AB only its endpoints, which lie between X and Y, intersects 
K. Then there exist in M infinitely many arcs X1C,, X2C2, 
X3C3, --- such that X1, Xe, X3, --- are distinct points lying 
between X and Y on AB and, for each n, C, belongs to K 
and (X,C,,) -(4B+K)=X,+C,. Since M is a regular curve 
there exist two distinct numbers 7 and j such that X;C, and 
X;C; have in common a point Z between C; and X;. The 


point set X;C;-+X,C; contains an are X;Z.X; which contains - 
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no point of K and lies, except for its endpoints, in M— AB. 

THEOREM 8. If the regular curve M contains an arc AB 
such that every segment of AB contains an endpoint of an arc 
in M which has only its endpoints in common with AB then M 
\does not have property N. 

Proof. Suppose M has property NV. Let d denote one half 
ithe distance from 4 to B. There exists a finite set W of 
mutually exclusive non-degenerate subcontinua of M such 
‘that every subcontinuum of M of diameter more than d 
‘contains some continuum of the set W. The arc 4B con- 
|tains at least one continuum of the set W. The set W, of all 
continua of W that are subsets of 4B is a set of arcs 4,3}, 
| AaB -++, AmBm with endpoints lying on 4B in the order 
an. 4,8,4.8, -++, the point 4, being on the interval 42. 
For each x less than or equal to m there exists, in M, an arc 
XinZinYin having in common with 4B only the points X41, 
and Y,,, which lie in the order 4,XinYinBn. Let 4A, de- 
note the point 4 or the interval 44, of 4B according as 
A and J, are identical or distinct, let B,,B denote B or the 
interval B,,B of AB according as B,, and B are identical or 
distinct and, for each n (1SnSm), let 4,X, and Y,B, de- 
note intervals of 4B with endpoints as indicated. The con- 
tinuum 

AA t+ (AXntXuZunYut Yui) +Bi4.+ 

(A2X e+ X12Z12 Viet Yi2B2)+ +--+ 

(ARM EX in Lind a Vinny) BB 
‘contains an arc t; from 4 to B. The arc ¢; contains no con- 
tinuum of the set W;. But it is of diameter greater than d. 
Hence it contains at least one continuum of the set W. Let 
Wy denote the set of all the continua of W that it contains. 
Each continuum of the set W,2 is an arc having no point in 
common with 4B. For each v less than or equal to m there 
exists, in M, an arc XonZonYon having in common with 4B 
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only the points Xo, and Yon, which lie in the order 
XinXonYonY in) and containing no point of any continuum of 
the set W>. The continuum 

AA + (AyXo+X1Z01 Yor t YoBi) + Bi4e+ 

(AgX 99+ X o2Lo2¥ 22+ YooBo)+---+ 

(Amd imtXomZLom\ am+ YonBm)+BmB 
contains an arc fy from 4 to B. The arc fz contains no con- 
tinuum either of the set 7; or of the set W. But it con- 
tains at least one continuum of the set W. Let W3 denote 
the set of all the continua of W that it contains. This process 
may be continued. Thus there exists an infinite sequence 
W., W., Ws, --+ such that, for each n, W,, is a non-vacuous 
set of continua of the set W and such that, if 7 is distinct 
from 7, no continuum of W belongs both to W; and to W;. 
Hence VW is an infinite set, contrary to hypothesis. 

It may be shown that every dendron has property V. But 
this is not true of every regular curve. Indeed the following 
theorem will be proved. 

THEOREM 9. No regular curve with an essential continuum 
of condensation has property N. 

Proof. Suppose M is a regular curve with an essential 
continuum of condensation. Then M contains an arc 4B 
such that if G is an upper semi-continuous collection of mu- 
tually exclusive continua filling up M and G is, with respect 
to its elements, a continuum with no continuum of conden- 
sation, then some element of G contains 4B. Suppose now 
that there exist two points X and Y in the order 4X YB on 
AB such that no point of the interval XY of AB is an end- 
point of an arc lying in M which has only its endpoints in 
common with 4B. Then if P is a point of the interval XY 
either P is a limit point of no component of M—AB or there 
exists a component L of M—AB such that L+P is a con- 
tinuum. In the first case, if X*PY, let Mp denote the 
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point P. In the second case, if X ~P+Y, let Mp denote the 
tontinuum obtained by adding P to the sum of all compo- 
nents of M—AB of which P is a limit point. Let Ly denote 
the component of M—XY that contains 4 and let Ly de- 
hote the one containing B. Let My and My denote Ly and 
Ly respectively. For each point Z of IM—AB there exists 
pne and only one point P such that Mp contains Z unless Z 
belongs to Ly and Ly=Ly in which case there are two points 
P such that Mp contains Z. Let G denote the collection of 
all the continua Mp for all points P of XY (Mx and My 
not being counted twice if My=My). The collection G is 
an upper semi-continuous collection of mutually exclusive 
continua and it is either an arc or a simple closed curve with 
respect to its elements and no one of its elements contains 

B. This involves a contradiction. Hence every segment 

of AB contains an endpoint of an arc lying in M and having 
nly its endpoints in common with 4B. Hence, by Theorem 
8, M does not have property JN. 

In view of the above argument it is clear that the follow- 
ing theorem holds true. 

TuHeEorEM 10. If the regular curve M has property N then 
not only does it have no essential continuum of condensation 
but if T is any subcontinuum whatsoever of M there exists an 
upper semi-continuous collection of mutually exclusive continua 
filling up M such that no element of G contains T and further- 
more G is either an arc or a simple closed curve with respect 
to its elements. 

There exists a regular curve M without property N such 
that if 7 is any subcontinuum of M then there exists an 
upper semi-continuous collection of mutually exclusive con- 
tinua filling up M such that, with respect to its elements, 
G is either an arc or a simple closed curve but no element 
of G contains 7. But the following theorem holds true. 
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Turorem 11. If M is a regular curve such that if T 1s anyy 
subcontinuum of M there exists an upper semi-continuous col-! 
lection of mutually exclusive continua filling up M such that 
no element of G contains T and such that G 15, with respect tot 
its elements, a dendron or some other continuum of which every) 
subcontinuum has uncountably many cut points, then M 1s a: 
dendron. 

Proof. Suppose M contains a simple closed curve J. By, 
hypothesis there exists an upper semi-continuous collection: 
G of mutually exclusive continua filling up M and such that @ 
is an acyclic continuous curve with respect to its elements 
but no element of G contains J. Let H denote the set of all 
the elements of G that intersect J. Since M is a regular 
curve all but possibly a countable number of the elements 
of H are points. If P is any point belonging to H, J/—P is 
connected and therefore, by Theorems 1 and 12 of Chapter 
V of P. S. T., the collection H—P is connected. Thus the 
compact continuum H of elements of G does not have more 
than a countable number of cut elements. Hence it is not 
acyclic. This involves a contradiction. 

THeoreEM 12. If M its a regular curve and G is an upper 
semi-continuous collection of mutually exclusive continua fill- 
ing up M and G is a dendron with respect to its elements then 
every simple closed curve that lies in M ts a subset of some 
element of G. 

The set of all regular curves with property N includes the 
set of all dendrons and all regular curves without continua 
of condensation and it is included in the set of all regular 
curves with no essential continua of condensation. 

THEOREM 13. Suppose M is a regular curve with an essen- 
tial continuum of condensation and AB ts an arc lying in M 
and such that if G is an upper semi-continuous collection of 
mutually exclusive continua filling up M such that G is with 
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sre to its elements a continuum with no continuum of con- 
ensation, then some element of G contains AB. Then if XY 
5 a segment of the arc AB and K is a closed subset of M—XY, 
tere exists in M an arc having no point in common with K 
Ind having in common with AB only its endpoints which belong 
) the segment XY. 

| Theorem 13 may be established with the help of Theorem 
| together with the argument employed to prove Theorem 9. 
In his paper “Concerning: collections of cuttings of con- 
,ected point sets,’ G. T. Whyburn has proved that if M is 
ny compact continuum and G is any uncountable collection 
f mutually exclusive connected subsets of MW each of which 
ontains a cutting of M, then there exists an upper semi- 
ontinuous collection Gp of mutually exclusive compact sub- 


| 
| 


‘ontinua of M such that (1) all save possibly a countable 
umber of elements of G are elements also of Go, (2) the 
um of all the elements of Go is identical with M, and 
3) M is an acyclic continuous curve with respect to the 
‘lements of Go. 

With the help of this theorem together with the fact that 
very compact and webless continuum has dendratomic 
ubsets it is possible to prove the following theorem. 

TuHeoremM 14. If P is a point of the compact and webless 
ontinuum M the dendratomic subset of M containing P 1s the 
et of all points X of M such that there do not exist uncountably 
nany mutually exclusive subcontinua of M each separating X 
rom Pin M. 

In his paper “Concerning the structure of a continuous 
urve,”? Whyburn has defined what he calls the cyclic ele- 
nents of a continuous curve. If the term cyclic element of 
Uf is restricted so as to apply only to those which are not 


1 Bull. Am. Math. Soc.. XXXV (1929), pp. 87-104. 
2Am. Jour. of Math., L (1928), pp. 167-194. 
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points belonging to only one non-degenerate cyclic element 
of M then the following theorem holds true. 

TuHeoreM 15. The set of all cyclic elements of a compact 
continuous curve 1s an upper semi-continuous collection of the: 
second kind as defined in II. 

With the help of this theorem, Theorem 13 of II and cer-: 
tain results established in the above mentioned paper of | 
Whyburn’s it follows that the following theorem holds. 

THEOREM 16. If the cyclic elements of a continuous curve | 
M are regarded as “points” and two such “points” p and q\ 
are regarded as contiguous 1f and only if one of the continua p 
and q 1s a point of the other one then the set of all such “points” 
1s an acyclic continuous curve. 


R. L. Moore. 
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